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Abstract

There is overwhelming evidence that approximately 85% of the matter in the uni-
verse is non-luminous, nonbaryonic, cold (nonrelativistic) and unknown, termed
as “dark matter”. This is based on observations like rotation curves of galaxies,
gravitational lensing effects, extensive analysis of the cosmic microwave back-
ground etc. While dark matter has not been detected as of yet, a class of dark
matter particles referred to as Weakly Interacting Massive Particles (WIMPs) has
been established as the leading candidate. The existence of WIMPs naturally
arises from many extensions of the standard particle physics model like Super-
symmetry or Universal Extra Dimensions. There are three different strategies for
WIMP detection, namely Indirect Detection, Collider Search and Direct Detec-
tion. In Direct Detection experiments, WIMPs are expected to have collapsed
into a roughly isothermal, spherical halo within which the visible portion of our
galaxy resides. They would scatter off target nuclei in the weak interaction scale,
potentially allowing their direct detection. These direct detection experiments are
designed to search for WIMPs elastically scattering the target nuclei. The regime
of the signal makes this approach an extremely challenging endeavour since the
expected event rate is immensely small, it could be one event/ton/year or even less.
In this report I will present a systematic derivation and discussion of the practical
formulae needed to design and interpret direct searches for nuclear recoil events
caused by WIMPs assuming that there is spin independent WIMP-Nucleon Elas-
tic Scattering. Further, for an experiment what experimenters report is an upper
limit on the WIMP interaction cross section if the signal they are trying to detect
is non-existent or below their experiment’s sensitivity. This is called an exclusion
plot, and the limits on the WIMP interaction cross section are set by calculating
the upper confidence limit on the theoretical event rate, discussion of which will
be included in the report.
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Chapter 1
The Dark Matter quest

1.1 Dark Matter evidences

1.1.1 Galactic Scale

The most convincing and direct evidence for dark matter on galactic scales comes
from the observations of the rotation curves of galaxies, namely the graph of cir-
cular velocities of stars and gas as a function of their distance from the galactic
center.

Rotation curves are usually obtained by combining observations of the 21cm line
with optical surface photometry. Observed rotation curves usually exhibit a char-
acteristic flat behavior at large distances (done by Vera Rubin[4] [5]), i.e. out
towards, and even far beyond, the edge of the visible disks (example in Fig 1.1).

In Newtonian dynamics the circular velocity is expected to be

where M(r) = 4x [ p(r)r’dr and p(r) is the mass density profile.

To explain a rotation curve that does not change as a function of radius, as be-
fore we balance gravity and the centripetal force, but now we assume a constant
circular velocity, v.. So:
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Figure 1.1: Measured rotation curve of the spiral galaxy NGC 6503 (solid). The dashed

and the dotted curves represent the contributions from the visible part of the galaxy and

the gas within the galaxy respectively. The dashed-dotted curve denotes the inferred con-

tribution from the dark matter halo, which is needed to explain the observation. Figure

taken from [0]

In this equation M(r) represents the mass within a radius r. The density corre-
sponding to this mass distribution is given by:

=gt
P = 4rG 2

Therefore, the fact that v(r) is approximately constant implies the existence of an
halo with M(r) < r and p(r) o< 1/r2.

It is important to note that if we would integrate such a mass distribution to in-
finitely large r the mass of a galaxy becomes infinitely large! So even though the
constant orbital velocity of spiral galaxies is observed to arbitrarily large radii, at
some point there should be a hard cut-off of some kind.

1.1.2 The Scale of Galaxy Clusters

A cluster of galaxies gave the first hints of dark matter (in the modern sense). In
1933, Fritz Zwicky studied the peculiar motions of galaxies in the Coma cluster
[1][2]. Assuming that the galaxy cluster is an isolated system, the virial theorem
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Figure 1.2: Images of the Bullet Cluster. An optical photograph from the Hubble Space
Telescope is shown on the left and an X-ray image from the Chandra X-Ray Observatory
is shown on the right. The overlaid lines represent contours of the mass distribution,
obtained from an analysis based on gravitational lensing. Figure taken from [12]

can be used to relate the average velocity of objects with the gravitational potential
(or the total mass of the system).The results was an extremely large mass-to-light
ratio, indicative of the existence of large amounts of missing mass, which can be
attributed to a DM component.

The mass of a cluster can be determined via several methods, including ap-
plication of the virial theorem to the observed distribution of radial velocities, by
weak gravitational lensing, and by studying the profile of X—ray emission that
traces the distribution of hot emitting gas in rich clusters.

Bullet Cluster :

The Bullet Cluster (1E 0657-558)[12] is a paradigmatic example of the effect of
dark matter in dynamical systems. It consists of two galaxy clusters which un-
derwent a collision. The collision was analyzed based on observations of X-rays,
which trace the visible baryonic matter, and applying techniques based on gravi-
tational lensing, which map the distribution of the total mass dominated by dark
matter. A clear separation between the visible matter and the dark matter is appar-
ent from Fig. The dark matter halos passed through each other, while the baryonic
matter decelerated and dragged behind the dark matter due to electromagnetic in-
teractions. The Bullet Cluster is considered one of the best arguments against
MOND theories (since the gravitational effects occur where there is no visible
matter). It also sets an upper bound on the self-interaction strength of dark matter
particles [11].



Figure 1.3: Temperature anisotropies of the cosmic microwave background from Plank
2015.Fig taken from [17]

1.1.3 Cosmological Scales

On distance scales of the size of galaxies and clusters of galaxies, evidence of dark
matter appears to be compelling. Despite this, the observations discussed do not
allow us to determine the total amount of dark matter in the Universe. Such infor-
mation can be extracted from the analysis of the Cosmic Microwave Background
(CMB).

The existence of background radiation originating from the propagation of
photons in the early Universe (once they decoupled from matter) was predicted
by George Gamow and his collaborators in 1948 and inadvertently discovered by
Arno Penzias and Robert Wilson in 1965. After many decades of experimental
effort, the CMB is known to be isotropic at the 107 level and to follow with ex-
traordinary precision the spectrum of a black body corresponding to a temperature
T =2.726K.

The analysis of CMB anisotropies enables accurate testing of cosmological
models and puts constraints on cosmological parameters.
The observed temperature anisotropies in the sky are usually expanded as

oo
STT(ea‘P) = Z Z alelm(97¢)
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Figure 1.4: Power spectrum of the temperature anisotropies of the cosmic microwave
background from Planck 2015. Figure taken from [17]

where Y;,,(0,¢) are spherical harmonics. The variance C; of a;,, is given by

If the temperature fluctuations are assumed to be Gaussian, as appears to be the
case, all of the information contained in CMB maps can be compressed into the
power spectrum, essentially giving the behavior of C; as a function of /.

The methodology, for extracting information from CMB anisotropy maps, is
simple, at least in principle. Starting from a cosmological model with a fixed
number of parameters (usually 6 or 7), the best-fit parameters are determined.

The size and the position of the peaks of the CMB spectrum, Figure 1.4, pro-
vide valuable information on cosmological parameters, such as the curvature and
energy matter composition of the universe: €., £, and Qpys. From the CMB
study [16][10] it is then possible to extract an estimate of the non-baryonic Dark
Matter abundance in the Universe:

QA=0:7074+0:010;
Q,,=0:293+0:056+0:010;
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Qph* = 0: 0221140 : 00034;
Qpuh?® =0: 11620 : 0020

From the values of the cosmological parameters it is clear that the dark energy
(A) accounts for about 70% of the Universe energy content while the majority of
the matter content is in the form of non-baryonic dark matter. The abundance of
the baryonic matter is also in agreement with what expected from the BBN, which
is another strong point in favor of the DM existence.

1.2 Dark Matter Properties

e Neutral
It is generally argued that DM particles must be electrically neutral. Other-
wise they would scatter light and thus not be dark.

e Nonrelativistic

Numerical simulations of structure formation in the Early Universe have be-
come a very useful tool to understand some of the properties of dark matter.
In particular, it was soon found that dark matter has to be non-relativistic
(cold) at the epoch of structure formation.

Relativistic (hot) dark matter has a larger free-streaming length (the aver-
age distance traveled by a dark matter particle before it falls into a poten-
tial well). This leads to inconsistencies with observations. However, at
the Galactic scale, cold dark matter simulations lead to the occurrence of
too much substructure in dark matter haloes. Apparently this could lead
to a large number of subhaloes (observable through the luminous matter
that falls into their potential wells). It was argued that if dark matter was
warm (having a mass of approximately 2-3 keV) this problem would be al-
leviated. Modern simulations, where the effect of baryons is included, are
fundamental in order to fully understand structure formation in our Galaxy
and determine whether dark matter is cold or warm. For further references
see http://https://www.youtube.com/watch?v=ScuA0Cvmp4o

e NonBaryonic
The results of the CMB, together with the predictions from Big Bang nucle-
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osynthesis, suggest that only 4-5% of the total energy budget of the universe
is made out of ordinary (baryonic) matter. Given the mismatch of this with
the total matter content, we must conclude that DM is non-baryonic.

Neutrinos: Neutrinos deserve special mention in this section, being the only
viable nonbaryonic DM candidate within the SM. Neutrinos are very abun-
dant particles in the Universe and they are known to have a (very small)
mass. Given that they also interact very feebly with ordinary matter (only
through the electroweak force) they are in fact a component of the DM.
There are, however various arguments that show that they contribute in fact
to a very small part.

First, neutrinos are too light. Through the study of the decoupling of neu-
trinos in the early universe we can compute their thermal relic abundance.
Using current upper bounds on the neutrino mass, we obtain 4% < 0: 003,
a small fraction of the total DM abundance.

Second, neutrinos are relativistic (hot) at the epoch of structure formation.
As mentioned above, hot DM leads to a different hierarchy of structure
formation at large scales, with large objects forming first and small ones
occurring only after fragmentation. This is inconsistent with observations.

Long-Lived

Possibly the most obvious observation is that DM is a long-lived (if not sta-
ble) particle. The footprint of DM can be observed in the CMB anisotropies,
its presence is essential for structure formation and we can feel its gravita-
tional effects in clusters of galaxies and galaxies nowadays.

Stable DM candidates are common in models in which a new discrete sym-
metry is imposed by ensuring that the DM particle is the lightest with an
exotic charge (and therefore its decay is forbidden). This is the case, e.g.,
in Supersymmetry (when R-parity is imposed), Kaluza-Klein scenarios (K-
parity) or little Higgs models.

However, stability is not required by observation. DM particles can de-
cay, as long as their lifetime is longer than the age of the universe. Long-
lived DM particles feature very small couplings. Characteristic examples
are gravitinos (whose decay channels are gravitationally suppressed) or ax-
inos (which decays through the axion coupling).



e Collisionless
Dynamical systems, such as cluster collisions, set an upper bound to the
self-interactions of DM particles. Observations seem to suggest that the DM
component in these objects is mostly collision-less, thus behaving very dif-
ferently than ordinary matter. Dark matter’s lack of deceleration in the bul-
let cluster constrains its self-interaction cross-section 6 /m < 1.25cm?g~! ~
2b GeV~ 1.

1.3 Weakly Interacting Massive Particles (WIMPs)

Going beyond the standard model, dark matter particles are identified with the
general definition of: Weakly Interacting Massive Particles (WIMPs). They are
stable, cold, non-baryonic and interact only through gravitational and weak forces.
There are several WIMP candidates raising, for example, from Supersymmetry;
the most promising among them is lightest supersymmetric particle (LSP), the
neutralino.

If WIMPs are stable, there is a cosmological relic abundance produced during
the Big Bang. Assuming for such particles a mass my, one has that for T > m,,
they were in thermal equilibrium while at temperatures below m,, they decoupled
and their abundance started to lower. Finally, when the expansion rate of the Uni-
verse became larger than the annihilation rate (I' < H, where H is the Hubble
constant), the WIMP abundance “freezed out”, resulting in the current relic abun-
dance. A thorough discussion of the Boltzmann equation and the relic density of
neutralino is given in [20][&].

The evolution of the WIMP density is described by the Boltzmann equation:

‘;_’Z +3Hny = —(02)[(ny)* — (n§)?]

where n3/ is the number density at the thermal equilibrium and (o,v) is the ther-
mally averaged total annihilation cross section. For massive particles (non-relativistic
limit) and in the Maxwell-Boltzmann approximation, n;q is given by:

7\ 3/2
n;q:g<’”27§r> oM/ T
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where g is the number of degree of freedom, m, is the particle mass and T is
the temperature. The “freeze out” is verified for I' = H that results in a temper-
ature T = m, /20. Introducing the entropy density s = 27w2g,T> /45, where g.
counts the number of relativistic degrees of freedom, and using the conservation
of entropy per co-moving volume one has:

ng\ _ (ny\ . H(Ty) 1
<Tx>0 B (Tx>f B <GaV>SJ(CTf) a 100g>1k/2mmel<GaV>

where mp; is the Planck mass and the subscripts 0 and f denote the present and
the freeze-out epoch, respectively. Thus, the relic density can be expressed as
function of the annihilation rate:
Qi = " 3, g2
Pc (Oav)

that is independent from m,. The annihilation cross section of a new particle
interacting at the weak scale can be estimated as: (o, v) o< 1072cm3s~2. This value
is close to that derived from cosmological arguments which strongly suggests that
if a stable particle associated with the electro-weak scale interactions exists, then
it is likely to be the dark matter particle. This coincidence has provided strong
motivation for finding WIMPs.

1.4 Strategies for WIMP detection

indirect detection
DM SM
high energy photon, neutrino,

wmuer

direct
detection
nuclear recoil

collider detection

missing transverse energy

Figure 1.5: Feynman diagram for searching DM
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DM particles are probed by following methods:

Direct Detection (DM + SM — DM + SM): measure recoil energy (~
ev-keV) by DM scattering off targets in detectors on Earth. Various exper-
iments are : superCDMS, COUPP, CoGeNT, CRESST, PICASSO, LUX,
ZEPLIN, XENON100, PICO etc.

Indirect Detection (DM + DM — SM + SM): measure gamma rays, neu-
trinos , positrons, antiprotons, anti-deuterons, etc. from DM annihilation in

Galactic centre, in Sun, in Milky way. Various experiments are : Fermi-
LAT, IceCube, PAMELA, AMS-02 etc.

Collider Search (SM + SM — DM + DM): Produce DM by colliding two
SM particles or by decay of SM particles and infer about DM from missing
energy.

11



Chapter 2

Direct detection of dark matter

2.1 Kinematics of WIMP-Nucleus Elastic Scatter-
ing

For a accurate description of the WIMP scattering to a nucleus, an understanding
of the kinematics involved in the collision is needed. First, assume that the tar-
get nuclei involved in a collision with a WIMP is not moving, while the WIMP
approaches the nucleus with a velocity v.

Figure 2.1: WIMP-Nucleus elastic collision in Lab frame

In Lab frame, after the collision, the amount of energy imparted to the nucleus
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(recoil energy) by the WIMP is given by,

1 1
Er = EmT(V];)Z = EmT((VJ;X)Z + (ng)z) (2.1)

where mr is the mass of target nucleus and vj; is the velocity of the nucleus after

the collision.

Looking at the problem in the CM frame:
The first step is to find velocity v, of the centre of mass frame for a WIMP col-
liding with a nucleus, relative to the nucleus.

M (at vest) mrx =y (y =)
m ” My (mr +my)x =myy
O——’ dx my dy
K my +mr
L > m
— I I S 22
z’ Vem my Ty % (2.2)

The second step is to find momentum of each particle to an observer in the CM
frame.
Target Nucleus : Moves at velocity —v.,, so momentum is —myz vy, i.e.

T
D, = —M7Vem

WIMP : Moves at velocity v — vy, S0 its momentum is 171, (v — Ve, i.€.

(i)
= myv|l—-——"——
mx'i‘mT

m
- mp—2%
my +mr
= MTVcem

Therefore in CM frame, momentum of WIMP and target nucleus are equal in
magnitude and opposite in sign, i.e. |p!| = |p¥| = p;.

13



Figure 2.2: WIMP-Nucleus elastic collision in Centre of mass frame

Defining the reduced mass of the WIMP and Target:

U= T o that Vem = L SR
(my +mr) my +mrp mr (2.3)

and p;=puv

Using conservation of energy in CM frame:

2 2 2 2
Pi+Pi:pf+pf

2my  2mr  2my  2mr

which implies p; = p¢

Therefore, In the CM frame, the magnitude of momentum stays the same.

Final state velocities in CM frame:

We are interested in the velocity of the target nucleus after the collision. Its mo-
mentum after the collision in the CM frame has the same magnitude as it did
before the collision.So its velocity resolves into two components, still in the CM
frame, one parallel to the incident direction of the WIMP and the other perpen-
dicular. In this frame the initial velocity of the target is v, in the —x direction.
Therefore its final velocity has these components with 68* as the scattering angle
in centre of mass frame:

horizontal CM frame: (va;)c = Vemcos 07

14



verticle CM frame: (vJTcy)c = Ve Sin 0

Returning to the lab frame, horizontal and vertical component of the velocity of
target after collision can be found by subtracting the centre of mass velocity v,
from the x component of the target velocity:

(V{})L = Vem COS 0" — Vem 2.4)
(vf )L = Vem Sin 0™ .

=

Since what is needed is the amount of energy imparted (in the LAB frame) to the
nucleus by the WIMP (Eg).Therefore, using equations (2.3) and (2.4) in equation
2.1)

1
Er = omr(0h)E+ (7)1
1
= EmTvgm((cos 6" —1)% + (sin6%)?)
= mpv?, (1—cos6*)
2.2
= BV (1 —cose) (2.5)

mr

— —60°
=180 Figure 2.3: Fraction of
energy imparted to the
nucleus by WIMP vs tar-

get to WIMP mass ra-
tio for different scatter-
ing angle.

Equation (2.5) can also be written in other form:

(1 5 4mymr 1 —cos0*
= () (Gt ) () @9
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Figure 2.4: Fraction of
energy imparted to the
nucleus by WIMP vs
scattering angle (0*) for
different target to WIMP
mass ratio.

6 (radian)

The first term on the right is the energy of the incoming WIMP (E;) and the second
term is the kinematic factor r (0 < r < 1). Therefore,

(I —cos6%)

ER = E,‘Y‘ )

(2.7)
The fraction of incoming WIMP’s energy imparted to the target nucleus (Er/E;)
as a function of target to WIMP mass ratio (mr /my) for different scattering angle
(6%) is shown in Figure 2.3. It is observed that, for a given 6*, fraction of imparted
energy is maximum when mass ratio = 1, i.e my = my,. Also,for a given mass ra-
tio, maximum WIMP’s energy is transferred to target nucleus for 8* = 1807, i.e
for a head on collision.

In Figure 2.4, fraction of energy imparted to the nucleus by WIMP vs scattering
angle (0%) for different target to WIMP mass ratio is shown. Again it is observed
that, for a given mass ratio fraction of imparted energy is maximum when scat-
tering angle is 180° (head on collision). Also, for a particular scattering angle
maximum energy is imparted when mzy = m,.

2.2 Standard Halo Model

Most of direct detection signal calculations and data analyses have used the Stan-
dard Halo Model (SHM) to model the WIMP velocity distribution.The model
assumes an isothermal and isotropic sphere of an ideal WIMP gas with density
profile p(r) o< 1/r% . The velocity distribution corresponding to this density, in the
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galactic rest frame is assumed to be Maxwellian:
2 2
f(v) =Ne /2

where o), is the velocity dispersion. With this assumption I will prove that the
corresponding density behaves like 1/r2. From statistical mechanical arguments
there are a few statements which can be made. The first one is relating the average
kinetic energy (K)and thus the mean square speed (v?) of the dark matter particles
to their temperature:

(K) = gm{?) = ST = (17) = 22T
Here m represents the mass of a hypothetic dark matter particle, T is the tempera-
ture and kp is Boltzmann’s constant.
It can be derived easily that the average square velocity corresponding to a Maxwellian
distribution is given by:

<v2> = 30‘V2

comparing above two results we get,

[ kgT
GV — .
m

The next step is looking at the equation of state. For an ideal collisionless gas we
know the equation of state:

kT
PV =nksT = p(r)=p(r)~ —=07p(r)

Now assuming that hydrostatic pressure balances the gravitational collapse,

L ()P = P = —p(n P

r
Multiplying both sides of the equation by ?/p o2, leads to:

fd_p__GM(r)
pdr o?

Differentiating w.r.t r gives

a <rzilogp) = _EdM(r)
dr

dr o2 dr

17



using

P 4nr*p(r)
we get
d /,d 4nG ,
— (2= - _
i (Partoe) =577
Solving above equation gives:
2
oy 1
plr) = 271G r?

comparing this density with observed density profile from rotation curves:

p(r)= o 1_ vl
2nGr?  4nGr?

Therefore in order to describe rotation curves following relation must hold:

The orbital velocity at the sun’s distance from the galactic center has already
reached the constant value, so v (r — o0) = vy = \/EGV, where vq is called the
characteristic velocity. The dark matter particle velocity distribution can now be
written as:

F(v) = Ne %

Now, in order to use it for direct detection experiments we need to carry out a
Galilean transformation, i.e the velocity distribution must be boosted from the
halo frame to the lab (Earth) frame. This is done by

V—=V+VE

such that

F(v,vE) o< e (VHEV /G 2.8)

where vg is the velocity of the Earth with respect to the galactic rest frame.
VE =VLSR +Vo + Vg

18



vg includes contributions from the speed of the Local Standard of Rest vy sg. This
corresponds to the Galactic circular rotation at the Earth’s radius Ry. vq is the
peculiar velocity of the Sun with respect to vysg, and vg is the Earth’s orbital
velocity around the sun. SHM assumes the rotation curve of the galaxy has already
reached its asymptotic value at Ry giving vo = vy sg. By this argument, the most
probable velocity of the WIMPs is identical to the LSR in the SHM.

Also, the pure Maxwellian velocity distribution extends to infinite velocities, but
in a physical picture the distribution will be cut off at some maximum velocity.
In the frame of the halo, this maximum velocity is the Galactic escape velocity
(Vese)-

The values adopted in the SHM for the astrophysical quantities defined above
along with local dark matter density (p,) is shown in Table 2.1 [18].

H Constant Symbol SHM value H
Characteristic Velocity Vo 220 km s~ !
Solar Peculiar Velocity 170 122 kms™!
Earth Orbital Velocity Ve 29.8 kms~!

Galactic Escape Velocity Vese 544 km s!
Local Dark Matter Density Py 0.3 GeV ¢ 2cm ™3

Table 2.1: Astrophysical constants and their values in the Standard Halo Model.

2.3 Expected Event Rate

First step is to calculate event rates that could be observed in an experimental
setup.From the event rates we will be able to get an idea about what are the re-
quirements that a dark matter detector will have to fulfill.

In this section all the pieces will be put together to calculate the nuclear recoil rate
as a function of recoil energy, Eg. Since we know from the previous section that:

(1 —cos6*)

ER = Eil’ )

Starting with the important assumption that the scattering of the WIMPs to nuclei
is isotropic, i.e. there is no preferred angle in the center of mass frame, so that the
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recoils are uniformly distributed in Eg, over the range:

OSERSEI'Y‘

The differential rate dﬁgf) in terms of Ex can then be written as:

()

In this equation dR(E;) represents the rate of nuclear recoils within an energy
range between E; and E; 4+ dE;. The next step is to integrate over all the possible
values of the incoming energy that can cause a recoil energy Eg.

dR Emax l
— = —dR(E; 2.
dER /Emin Eird ( l) ( 9)

where E,;;, 1s the minimal energy which is required to give a recoil energy ER.

From which we can derive the corresponding minimal velocity:

ZER) 1/2

myr

1
2
Enin = mevmin = Vimin =

Now, defining the most probable energy of WIMP as :

1 V3
Eo = 5myv = (ﬁ) E. with vo=220km-s"!

and using it in the expression of v,,;, we get

1/2
vm:(ﬁ) Vo (2.10)

Eor

Also, E,;, 1s determined by the escape velocity (i.e. Vygx = Vese) of WIMPS
from the Milky Way: we don’t expect any WIMPs with a velocity higher than
544 km-s~!. For the derivations here this effect will be ignored, since it does not
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affect the results in a qualitative way.

Therefore, equation (2.9) can be written as:

dR 1

Vmax V%
_— = —dR 2.11
dER Eor d (V) ( )

Vmin V2
The next step is to find dR, i.e. the event rate per unit mass on a target of atomic
mass A, with cross-section per nucleus oy, which can be written as:

N
dR = fcovdn, (2.12)

where Ny is the Avogadro number (6.02 x 102° kg~!), and dn is the particle den-
sity of WIMP particles with relative velocities within d*v about v. Particle density
dn can be written as:

dn= n—kof(v, vE)d3v (2.13)

Here k is the normalization constant, ng is the mean WIMP number density (= }l:Tx

for dark matter particle mass m, and density py), v is the velocity of WIMP rela-

tive to target (earth) and vg is the Earth (target) velocity relative to the dark matter

distribution.

To determine the normalization constant k we integrate this equation over all ve-

locities demanding that we should get the mean number density of WIMPs, ng.So:
Vese

dn =ng
0

k:/f(v,vE)d %

Vesc

2 +1
k= / d(p d (cos 6) fv,ve)v?dv

1.e.,

Now, it is assumed that the WIMP velocity distribution is as follows:

Flv,vg) = e HE/% (2.14)
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where (v 4 vg) is the WIMP velocity in the galaxy frame, vy = 220 km-s~! and
Vese 18 the local galactic escape velocity.

Considering a simplified case in which v, = o and vg = 0, the normalization
constant becomes:

27 +1 o0
ko= / do / d(cos ) / e 24y
0 —1 0
= 471?/ eV Ioy2dy
0

= (M) =k

Therefore, equation (2.12) can be written as:

Ny no 3
R = ™4 (— ve)d )
opv . fvvg)d’v
Ny ko

= —0opng f(v,vg)dy

A P (g

k() 2 Ny Py ) ﬁ 1 3
= O A Gy ) Y2 v (vvi)d
k <\/ﬁ A my 0v0 2v 7t3/2vgvf(v ve)dy
k() 3
= ERoznvgvf(v,vE)d v (2.15)

Here R, is defined as the total event rate per unit mass for v = 0 and v,g. = o, i.e.

2 N
Ry= —"APxg. (2.16)

VT A my
Using equation (2.15) in (2.11) we get:

dR _R() ko 1 /"le
v

3
E = Eorzznv% ;f(v, VE)d 1% (217)

Evaluating the above expression for vg = 0 and vz = oo, we will get

k
fvvg) = e/ and ?O =1
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and equation (2.17) becomes:

dR Ry 1 °
o 00) = 2L [T e
dER Eor2mvg Jvy v
= &%/w e Mivdy
E()r VO Vmin
— & — |:eiv2/v(%i|°°
EOr Vmin
— &e_vi%u'n/v(z)
E()r

Finally, using the expression for v,,;, from equation (2.10), the expression for the
differential event rate can be written as:

dR R
0,00) = —0 o~ Er/Eor (2.18)

oo

E ’ Eyr

m, = 10 GeVic?
T 06 m, = 20 GeVic?
-<>3 m, = 30 GeVic?
© 05 o
m_ =40 GeV/c .
> x Figure 2.5: Event rate
X
g o4 1 dependence on WIMP
3 s i mass for Germanium
£ as target material.
uf 02 .
k)
o
S ot 1
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E,, (keV)

From Figure 2.5, it can be observed that Recoil spectrum gets shifted to low
energies for low - mass WIMPs. Also, one needs a light target and/or a low
threshold to detect a low mass WIMP, i1.e lower the detector threshold, better the
chances of observing an event.
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2.4 WIMP-Nucleon cross section

In our equation for interaction rate there is Ry defined earlier as:

Na Py
Ry=—"Xg
074 my o(v)

with all the particle physics hidden inside oy, which is the cross section for the
process of WIMP colliding with the nucleus. We will now write this oy in terms
of WIMP-nucleon cross section.

Let us look at the differential cross section as a function of momentum transfer(qz).
Starting with the identity:

The reason to calculate ﬁig is that we have a fundamental identity from parti-

cle physics relating differential cross section to the quantum mechanical matrix
element, .# . This identity is known as "Fermi’s Golden rule”:
dG() 1

_ 2
o 51| (2.19)

where v is the WIMP velocity relative to the target, and |.#|? represents the ’prob-

ability’ for a process to occur, which in our case is the scattering of a WIMP to a
nucleus.

In the q—0 limit,ie under the assumption of coherent scattering (De Broglie wave-
length corresponding to the momentum transfer is similar or larger in size to a
nucleus.), we can write .# as:

M =Zfp+(A=2) [

where Z is the number of protons, A — Z is the number of neutrons and we denote
the coupling to either a proton or a neutron by f, and f,, respectively.
Therefore, we can write

— | =—=Zf, +(A-2)f,
qu 450 77:\/2[ p ( ) ]
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A standard cross section Ggl is defined as the total cross section at zero momentum
transfer:

0 dq2 q—0
4u?
= —FlZfp+@a- 2) ) (2.20)

where 4u#v? is the momentum transfer at Eg = Ep~.

Considering (f, ~ f), above equation reduces to

4 2
ot = LA p (2.21)

Now, the spin-independent WIMP scattering cross-section with a single proton
can be written as (withA = 1)

4u?
oy = 7” f (2.22)

where (1, is the reduced mass of WIMP-proton system. Combining equations 2.21
and 2.22 we will get

ur 2
oyl = (—T > oy (2.23)
Hp

The SI WIMP nucleus scattering cross-section is larger than the ST WIMP-nucleon

2
cross-section by an amount ( Z—iA) , which is different for different target nuclei

(different A). But we see that ST WIMP-nucleon cross-section is model indepen-
dent and also independent of the scattered nucleus and hence the target material.
The dark matter direct detection experiments obtain limits on GS’ vs my. Thus

. . . . SI
results are given in terms of target independent quantity o,,".

2.5 Nuclear Form Factor

In the previous section we have treated the nucleus as a point object and therefore
we could justify the assumption of coherent scattering of a WIMP. As the energy
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of the recoil increases, g > 0, the WIMP begins to probe the internal structure
of the nucleus and the interaction loses coherence. This loss is parameterized by
a nuclear form factor F(q) to account for the finite size of the nucleus, where
F(g=0)=1.

p

We see that WIMP nucleus cross section no longer depends on A and the effec-
tive cross section decreases when F(g) < 1.

The nuclear form factor, F(g), is taken to be the Fourier transform of p(r), the
density distribution of the scattering centres.

Fla) = [p(ends
21 0 T .
_ / do / 2o (r)dr / (700 Gin 9
0 0 0

_ i wrsin(qr)p(r)dr. (2.24)
q Jo

There are several analytical and theoretical models for the form factor[13], the
distribution proposed by Helm[3] is most commonly used in dark matter calcula-
tions/simulations given by:

jl (qrn) e—%(qs)2
qrn
sin(gry,) — qrncos(qry) (a9
(grn)?

F(g) = 3

= 3

where j; is the spherical Bessel function of the first order, s is the measure of the
nuclear skin thickness, and r,, is the effective nuclear radius. There are several
methods of parameterizing these values[7].

To arrive to the above result, first we assume a uniform charge distribution, up
to some radius ry, radius of the nucleus. In this case, the normalized density takes
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the form:

3
47 (ry)3

pu(r) = O(R—7) (2.25)

Thus,combining equation(2.24) and (2.25), gives, after some reorganization:

3 qrn
F = — / zsin(z)dz
U(Q) ((]Vn)3 0 ( )
which gives
sin(gry,) — gr, cos(qry

(qrn)3

But such a charge density is nonphysical because a nucleus cannot have such a
sharp cutoff in its charge distribution. This problem is solved by convoluting the
uniform charge density with a Gaussian “surface smearing” density given as:

1 2742
polr) = e 2, (2.27)

where s is a measure of nuclear skin thickness.
Substituting equation (2.27) in (2.24), we get

4T [ 1 202
FG(Q) = 7/0 rSll’l(C[r) (We /2 ) dr

_4m 1 Y. (€' — eiar)
Fo(q) = p (27”2)3/2/0 re 5 dr

4m 1 1 ” —i-l-i r = —i—i r
F = / re 25 qdr—/ re 22 dr
6(9) q (2ms2)3/22i { 0 0

using the following identity

< 2 2 T
/ e( ax“+bx) _ eb /4a\/j
— oo a
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we get
2 2.2

o 2 © 1
/ e 252 +igr = / e 252 ar = 5( V n2g2>e_%
0 0

Therefore

4r 1 11{1d s 1 d s
F e (S — 2 2, 2 - 2 2,— 2
G(Q) q (27'[S2)3/2 22 |:l dq( TTisce ) —ldq(v Tils“e )

4w 1 111 ¢%s?
Folg) =L 11l o age
c(q) PTG (—2gs*e” 2)
q2s2
Folg)=e "7 (2.28)
By the convolution theorem, the form factor is simply a product of the form
factors of py and pg[15]. Therefore combining equations (2.26) and (2.28):

F(q) = Fuy(q)Fs(q)
3 sin(gry) — qrn3cos(qrn) e
(qrn)

The squares of the Helm form factor for various target with r, = 1.24'/3 and s = 1
fm are shown in Figure 2.6.

(2.29)

=
e
—
Ll
- -
il i

Figure 2.6: Helm form
factor as a function of
nuclear recoil energy for
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Figure 2.6 shows loss of coherence as larger momentum transfers probes smaller
scales. The nuclear form factor has a significant effect on the recoil rates for heav-
ier targets.

Now, equation 2.18 can be modified as:

——(0,00) = — L Er/E0E 2.30

Xe
_1 Ge
10 ¢ —Si [

_2 Figure 2.7: Varia-
3 ] tion of Recoil Energy
spectrum with A for
my = 100 GeV/c?

Events Kg"1 keV™' d”

0 50 150 200

100
Recoil Energy (keV)
From Figure 2.7 it is clear that the change in the energy dependence is espe-
cially critical because detectors have thresholds in the few-to-tens-of-keV region.

A germanium target offers a clear advantage over a silicon target, but Xe yields
no benefit over germanium unless the recoil-energy threshold is below 20 keV.

2.6 Correction in event rate due to Earth’s velocity

The differential recoil energy spectrum is expressed as:

dR Ry ko 1 / Vmax ] 3
_ e - d

dEx (VE, Vesc) Eor k 212 Juy, fvvg)d’y

To correctly evaluate the integral on the velocity, it has to be considered that the
WIMP velocity in the galactic reference frame, v/, cannot exceed v, otherwise
DM particles would escape from the galaxy. The velocity v' is composition of the

WIMP velocity relative to the target, v, and velocity of the target itself: v/ = vg +v.
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Its module is given by: v'? =12 + V%‘ +2vvg cos 0. Here 0 ia the scattering angle
in the galactic rest frame. It means that: (v — vE)2 <V?< (v+ vE)z, thus setting a
certain value for v, v/ results function of cos6. It should be noted that the integral
in above equation is evaluated on the WIMP relative velocity, v. The maximum
value of v is reached when the Earth moves in the opposite direction with respect
to the incoming WIMP when the latter has v/ = vege : Vigar =V + ve. Now, two
cases have to be considered:

o if v <v. —VE, then it is possible to integrate equation without any condi-
tion on cos 0, since it always results v/ < v
V2 = (v4vE)? < (Vese — vE +VE)? < V2

o if vesc —vE <V < Ve + vE, then it has to be set a condition on cos 0: V% =

V24 vE 4+ 2vvgcos B < V2. = cosO < (Vi —v? —vE)/2vvE.

The integral on the velocity becomes:

Vmax | 2n Cinax Vesc |
/ —f(v,vg)dPv = / d¢ / d(cos ) / ~f(v,vg)dv
% v 0 -1 %

min min

1 Vesc —VE esc / 2vvg VesctVE | ]
=2 / d(cos 0) +/ d(cos 9)/ —f(v,vg)dv
v %

-1 Vmin esc —VE

The lower bound of the integral on cos 8 can be leaved equal to -1 since the phys-
ical condition v/ > 0 is always satisfied. Besides the conditions on cos 6, it has
to be considered also a condition on v,,;, to assure that v,;;;, < Vese — ve. If this
relation is not satisfied, one should consider only the second part of the last inte-
gral in equation, substituting the lower bound of the velocity integral with v,;,,
otherwise the integral is evaluated with the wrong condition on the cos 8. Thus,
the integral on the velocity can be written as:

Vmax |
/ —f(v,ve)dPv =27 x
v 1%

min

y V2 22 oy
[f [YeseTVE +f£f“ Vo) 20 fv““JFVE] %f(v, ve)d(cos0)dv  for 0 < vpin < Vese — VE

Vmin Vesc —VE

2 — 2.2 2
f£v1€SL Ve —Vvg)/2vvE fvesc+vE lf(v VE)d(COSG)dV for Vese — VE < Viin < Vese + VE

Vmin -

0 for vipin > Vese +VE
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Using the conditions on cos @ and vy, it is possible to integrate equation.
Thevexpected DM differential energy spectrum, for various assumptions about vg
and vy, is thus given by:

dR Ro ,—Ex/Eor
o) — 231
dER(O’ ) Eor' (2.31)
dR ko | dR Ro _,2 R
_ = — | — 00| — —— esc 2. 2
dER(O’V“C) ki {dER(O’ ) Eor' (2.32)

AR (1po0) = R0 vVEO [erf (—v’”"” +VE) —erf (—v’”"” — VE)] (2.33)
dEg

_Eor 4 vg Vo

_(VE7Vesc) = (VE7°°) — = €

dR ko | dR Ry 2 /R
dER k] dER E()r

where ,

2 [ _»
erf(x) = ﬁ/o e dr

Vesc 2 Vese _ 2 )2
k — k = Ve.s‘c/ Yo
! O{erf(V0> VT v ]

T T T
—V_=0km/s, Vv __ =oo
E esc

e V= 220kM/s , v = 544km/s
E esc

Figure 2.8: The effect
of the movement of the
earth through the galaxy
on the recoil rate
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In Figure 2.8 the effect of movement of earth on the recoil rate has been cal-
culated for a WIMP with a mass of 100GeV /c? interaction with a nucleus with
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mr = 68.036GeV / c*(i.e. Germanium). The blue line shows the rate if the earth
would be at rest in the galactic coordinate frame (i.e. non rotation around the
galactic center), while the red line shows the spectrum you obtain if the sun is
moving with 220 km/s as it does. This slightly helps dark matter experiments
increase their sensitivity. Also the finite escape velocity is taken into account, al-
though the effect is small.

The Earth’s orbit about the Sun leads to a time dependence, specifically an an-
nual modulation, in the differential event rate. The Earth’s speed with respect to
the Galactic rest frame is largest in summer when the component of the Earth’s
orbital velocity in the direction of solar motion is largest. Therefore the number
of WIMPs with high (low) speeds in the detector rest frame is largest (smallest) in
summer. Consequently the differential event rate has an annual modulation, with
a peak in winter for small recoil energies and in summer for larger recoil energies.
The effect to the rate can be approximated as [14]:

C%(ERJ) ~ ;?R;(ER) (1 + A(Eg) cos (zn%))

The period of the oscillation will be one year 7 = 1 year and the rate will
be maximum at ¢ corresponding to June 2nd. The amplitude is 1-10% percent,
but it allows a measurement of dark matter with an intrinsic way of suppressing
backgrounds. Some experiments exploit the effect of the change in amplitude —
resulting in a change of event rate — as a way to subtract all constant background
sources that do not show a seasonal effect. One of the most famous claims of dark
matter discovery made by the DAMA/LIBRA collaboration is based on a seasonal
effect in detector counting rates.

2.7 Direct Detection techniques

The recoil energy due to a possible impact of dark matter is detected in a detector
mainly by three processes that the recoil nucleus would undergo inside the detec-
tor. They are phonons, ionization, and scintillation.

ePhonons: A phonon is a collective excitation of the crystal in which the pe-
riodic arrangement in the crystal is set to vibrational mode (normal mode) at a
single frequency. In the case of materials (such as Ge) chosen for dark matter
detection, the multiple collisions of the recoil nucleus convert the kinetic energy

32



DIRECT DARK MATTER DETECTION
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Figure 2.9: Experimental approaches for direct dark matter detection.

into collective excitation of the crystal. The resulting phonon vibration increases
the temperature of the crystal which is measured.

eScintillation: Scintillation is a phenomenon in which the incident particles
or photons excite atoms or molecules in the ground state and the light is reemitted
when the atom comes down to the initial state again — in other words the absorbed
enegy is reemitted (luminescence). In a crystal, the electrons are elevated from
the valence band to the conduction band and populate this latter band. When they
come down again to the valence band, the scintillation is emitted.In a dark matter
scintillator detector, the nuclear recoil energy produces the scintillation effect and
the scintillation signal in fact gives a measure of the recoil energy imparted to the
recoiling nucleus.

elonization: Ionization is the process by which electrons are ejected from the
target atom. These electrons can be separated from the positive ion by applying
an electric field over the target.There is an intricate interplay between the ioniza-
tion and scintillation process: separating the charges with an electric charge leaves
fewer possibilities for charge recombination processes causing scintillation light.

Fig. 2.9 shows a summary of present and future experiments, indicating the
techniques used in each case.
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Chapter 3

Dark Matter exclusion limits

In order to search for new physics phenomena or particles, one must distinguish
between background (already known physics) and signal (new physics) events,
and then study through statistical concepts the possible hypotheses at stake, ba-
sically the null or background-only hypothesis Hy (which describes only known
processes) and an alternative hypothesis H; (which includes both background and
new physics signals).

Searches for rare events, like Dark Matter interactions with nucleons, often
lead to the observation of no signal-type events,, or the observed ones are compat-
ible with the background-only hypothesis, and what an experiment is able to set is
an upper limit for the quantity related to the appearance of new physics events. In
our case such a quantity is the WIMP-nucleon cross section, as a function of the
possible WIMP masses.

The usual method to obtain an upper limit at some confidence level is to vary
the theoretical parameters until the appropriate cumulative probability distribution
function (CDF) takes on the confidence level desired (0.9 for a 90% confidence
level upper limit) when evaluated at the observed statistic (e.g. the number of ob-
served events).
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3.1 Poisson Method

Consider a series of nuclear recoil energy measurements Ep, ..., Ey where N is
the total number of measurements. Assume the data points are distributed with a
known theoretical function dN/dE. To set a limit, we are interested in the prob-
ability, given a value of the cross section ¢ in a theoretical distribution dN/dE,
that the total number of events observed in our data is equal to a certain value or
less.

The probability of finding an observed number of events N, given an expected
number of events U is given by Poisson distribution:

eill','uNObS
P(N :NObS) = T

obs -

Also,

Nobs e*ll n
u

P(N < Nops) = Y, —

n=0 n.

e Example:

Suppose N,ps = 0, then What is the 95% CL limit on u?
we have P(N < 0) = e™*, then find u such that
PIN<0)=1—-CL = u>—In(1-CL)

Therefore, for N,,; = 0 and CL = 0.95, exclude u > 3

Now, In our case if we are conservative and assume no knowledge of the back-
ground distribution and therefore that all observed events are signal, then an upper
limit at some desired confidence level may be set by adjusting ¢ in dN /dE until
the total number of events 1t expected, given by integrating dN /dE over the whole
experimental range, is such that it satisfies the following equation
o=e* v W
= n!

where 1 — « is the confidence level of the upper limit set in this way, and N, is
the number of observed data events.

3.2 Maximum Gap method

The Maximum Gap is a statistical method [9] used to quote upper limits, with a
certain confidence level (CL), of the o for WIMP-nucleon scatterings when:

35



Expected Event Number per Unit E

Maximum Gap
x =Maximum x
Ei.

Xz dN
dE

Figure 3.1: Explanation of the Maximum Gap method

dAN/IE

e there are no clear evidences for a signal event;
e there is the possibility for the existence of an unknown background;
e the observed events are compatible with the background-only hypothesis.

From the DM theory it is possible to obtain the shape of the expected WIMP
recoil energy spectra, but not their normalization, i.e. the ¢.The procedure to use
the Maximum Gap method can be schematically summarized as in Figure 3.1 In
Figure 3.1, the dN/dE curve represents the expected signal spectrum for which
one wants to evaluate the cross section, while the black rectangles are the observed
events. On the x-axis there is the energy of the recoils, but any other 1-D variable
can be used. Assuming a certain value for the cross section, between each two
consecutive events there is a ’gap” given by:

/Ei+1 deE
X = —
! g, dE

where E; ;| are the energies of any two adjacent events. The gap sizes x; repre-
sent the number of expected signal events, for the hypothesized value of the o, in
energy intervals where no events have been observed. Given a certain distribution
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for the data, the "maximum gap” is the largest gap between them.
The procedure to apply the method can be summarized as follows:
Suppose to have, as result of a simulated experiment, a certain number of events
that are distributed following a certain 1-D variable, like the recoil energy. Then,
it is assumed that all the events are due only to the background, being interested
in upper limits in the background-only hypothesis. Between each two adjacent
events we evaluate, using the signal spectrum, the size of the gap and then we
look for the largest one. The gaps are evaluated on the signal spectrum because
one wants to quote upper limits for the signal cross section. Thus, the gaps rep-
resent the number of signal events that we were expecting to observe, for the
assumed value of the o, between two adjacent background events. Knowing the
maximum gap and having observed O events in it, we want to know the value of
the o for which we would observed 0 events with a certain probability. The value
of the probability defines the CL of the upper limit. Finally, the Maximum Gap
method returns the value of the cross section that is the upper limit on this param-
eter, with the desired CL (6%). This procedure shields against regions where the
background gives many events, as the low energy part of the spectrum, since it is
not probable to find the maximum gap there. In this way, the method is naturally
applied in region where the background has not a large impact on the detector
sensitivity.

This is a recursive method where one tries and rejects different values of the o

100

9x10°1
[ 1]
S 0! , o
>ax107 - Figure 3.2: Finding
= 1 .
= : 90% o for a partic-
L
o
[ ! ular my
i
1
1
6x 1071 :
1
1
i
107! 10° 10!

Narmalization o
until the one that satisfy the CL condition is found. Very large values of the cross

section can a priori be excluded since it is not probable to observe zero events
in gaps which provide a huge number of expected recoils. Going towards low
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Figure 3.3: Projected exclusion sensitivity for the SuperCDMS SNOLAB direct detection
dark matter experiment along with current experimental exclusion limits from various
experiments.Figure taken from [19]

values for the o it is necessary to define a criterion to decide if a certain value
can be accepted or rejected. Assuming a certain hypothesis on ¢ being the correct
value, one could reject it, as too high, if random experiments would almost always
observe less events in their maximum gap. Thus, the procedure simply compare
different hypothesis on the signal strength and returns, as upper limit, the one that
gives with Cy probability a lower number of expected events compared with the
observed one. Being X the observed maximum gap, if the probability to observe
a lower value for x (the random maximum gap) is Cy, then one can reject the hy-
pothesized value of the cross section with a CL of Cy. The probability Cy is given

by [9]
8 (kx — p)ke=k k
Co(x, ) = k;o—k! R (3.1)

where u is the total number of the expected signal events, i.e. the integral of the
dark matter recoil energy spectrum over the whole energy range, x is the maximum
gap and m is the largest integer < t/x. The value of the cross section at a certain
CL is obtained by applying a recursive procedure to equation 3.1 until Cy = CL.
The above procedure for finding a 90% upper CL on o for a fixed WIMP
mass is shown in Figure 3.2. The same procedure can be looped over certain
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Figure 3.4: Finding 90% CL on o for 50 GeV/c’mass

WIMP mass range. Finally what we get is a plot between o (WIMP-nucleon
cross-section) vs m, known as exclusion plot (or sensitivity curve of an experi-
ment).

Figure 3.3 shows the projected exclusion sensitivity for the upcoming direct
detection dark matter experiment SuperCDMS SNOLAB along with current ex-
perimental exclusion limits from various experiments in the low-mass region such
as CRESST-II and LUX. The dotted orange line is the dark matter discovery limit.

3.2.1 Result

Maximum gap method was applied to a given set of observed events. First, for a
fixed my, Co vs 0 was plotted. Then 90% Cl limit on ¢ was interpolated (Cop = 0.9)
by fitting the data points of m,, Cy vs ¢ with sigmoid function (as shown in Fig
3.4 for my, = 50GeV / ¢?). Same process was repeated for different masses. 90%
Cl limit on o for different masses is shown in Table 3.1.
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WIMP-nucleon cross—section (o) in cm?

WIMP mass (GeV /c?)  log1o0

50 -40.4527
55.05 -40.3972
60.60 -40.3211
65.15 -40.2720
70.20 -40.2157
75.25 -40.1692
80.80 -40.1176
85.85 -40.0726
90.40 -40.0297

Table 3.1: Upper CL limit on o for different WIMP masses
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Figure 3.5: WIMP-nucleon cross-section (o)vs WIMP mass ()
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