611: Electromagnetic Theory
Problem Sheet 1
(1a) Using the convention that any two-index Cartesian 3-tensor Tij can be viewed as a
matrix T with rows labelled by i and columns labelled by j, rewrite the following
equations in matrix notation:
Dij = Aik Bk` Cj` ,

Dij = Aik Bj` Ck` ,

Dij = Aik (Bkj + Cjk ) .

(1b) Show that if W is any 3 × 3 matrix, with components Wij , then
Wi` Wjm Wkn `mn = (det W ) ijk .
(Hint: First show that the left-hand side is totally antisymmetric in ijk, and hence
that it must be proportional to ijk . This reduces the labour greatly, since then there
is only one non-trivial case to be checked.)
(2a) Using the properties of the Kronecker delta tensor and the epsilon tensor, show that
if ni is a unit vector then
Mij = δij cos α + ni nj (1 − cos α) + ijk nk sin α
satisfies the orthogonality relation Mij Mik = δjk . You will need the identity ijm k`m =
δik δj` − δi` δjk . (As always, be careful when using dummy indices to make sure that
you choose letters that do not clash with those of other indices in the expressions!)
(2b) Consider the special case where the unit vector ni points along the z direction, i.e.
n1 = n2 = 0 and n3 = 1. Show that the matrix M with components Mij describes a
rotation through an angle α around the z axis.
(In general, Mij in problem (2a) describes a rotation by an angle α around the axis
defined by the unit vector ~n.)
(3a) Consider two succesive Lorentz boosts along the x axis, one with velocity ~v = (v, 0, 0)
and the second with velocity ~ṽ = (ṽ, 0, 0). Show that the result of making the two
successive boosts is again a Lorentz boost along the x axis, and obtain the expression
for the net boost velocity v̂ for this transformation.
(3b) It is sometimes useful to define a quantity called the rapidity δ, related to the velocity
by v = tanh δ. Show that there is a very simple formula for the rapidity δ̂ of the
combined Lorentz boost in terms of the rapidities δ and δ̃ of the two individual Lorentz
boosts.
Turn over for problem 4

(4a) Now consider instead a Lorentz boost with velocity ~v = (v, 0, 0) along the x axis
followed by a Lorentz boost with velocity ~ṽ = (0, ṽ, 0) along the y axis. Thus the
first boost transforms from (x, y, z, t) to (x0 , y 0 , z 0 , t0 ) and the second transforms from
(x0 , y 0 , z 0 , t0 ) to (x00 , y 00 , z 00 , t00 ), where
x0 = γ (x − vt) ,
x00 = x0 ,

y0 = y ,

y 00 = γ̃ (y 0 − ṽt0 ) ,

z0 = z ,
z 00 = z 0 ,

t0 = γ (t − vx) ,
t00 = γ̃ (t0 − ṽy 0 ) ,

(1)

with γ = (1 − v 2 )−1/2 and γ̃ = (1 − ṽ 2 )−1/2 . Show that the final result of the two
successive boosts can be expressed as the composition of a single Lorentz boost from
(x, y, z, t) to to (x̂, ŷ, ẑ, t̂), with
~r̂ = ~r + γ̂ − 1 (~v̂ · ~r ) ~v̂ − γ̂ ~v̂ t ,
v̂ 2

t̂ = γ̂ (t − ~v̂ · ~r ) ,

γ̂ ≡ (1 − v̂ 2 )−1/2 ,

for a certain velocity vector ~v̂, followed by a pure spatial rotation, giving the final
result
  
 
x00
cos ψ − sin ψ 0
x̂
 00  
 
t00 = t̂ ,
(2)
y  =  sin ψ cos ψ 0 ŷ  ,
00
z
0
0
1
ẑ
where (x00 , y 00 , z 00 , t00 ) are given in (1). You should calculate the velocity vector ~v̂ and
the angle ψ in terms of the original pair of velocities v and ṽ. (Note that the velocity
vectors ~ṽ and ~v̂ in this problem are completely unrelated to the velocity vectors ~ṽ and
~v̂ in problem 3.)
(4b) Show that there is a very simple expression for γ̂ in terms of γ and γ̃. Show also that
the rotation angle ψ has a very simple expression in terms of the rapidities δ and δ̃ of
the two orthogonal boost velocities, when written using half-angles, which is given by
tan 21 ψ = tanh 12 δ tanh 21 δ̃ .
This result, in which the composition of two non-parallel Lorentz boosts gives rise to
a spatial rotation in addition to a boost, is a special case of what is known as the
Thomas-Wigner rotation, which gives a relativistic correction to the precession of a
gyroscope or a spinning particle.
The result also illustrates the fact that although the Lorentz transformations form a
group, the subset consisting of the pure Lorentz boosts do not form a group (as is
evident from the fact that the composition of two successive non-parallel pure boosts
does not give simply a pure boost).
Due Wednesday September 2nd. Please scan your solutions and concatenate
into a SINGLE pdf file. E-mail to haoyuzhang001@gmail.com

611: Electromagnetic Theory II
Comments on Problem Sheet 1, and Further Remarks
(1a) Writing tensor equations as matrix equations:
Should be straightforward, given that a 2-index tensor Aij is written as a matrix A with
components Aij . where i labels the rows and j labels the columns.
(1b) Show Wi` Wjm Wkn `mn = (det W ) ijk :
Not much to be said here, except that the instructions in the question should be followed.
Showing that the left-hand side of the equation is antisymmetric in ijk is just a matter of
showing that if any pair of the indices ijk are exchanged, then the expression changes sign.
This is a matter of making appropriate relabellings of the dummy indices, together with
using the antisymmetry of `mn .
Having established the total antisymmetry in ijk, you then have to demonstrate that it
can only be a multiple of ijk . (Essentially, this is a matter of showing that up to overall
sign, there is really only one independent component of a three-index totally-antisymmetric
object in three dimensions.)
Having done this, you then need to write out the left-hand side (LHS) explicitly for one
of the non-trivial choices of the ijk indices for which the LHS is non-zero, and show that it
gives exactly (det W ) times the value of ijk for the index values you have chosen.
Note that as always, when a question asks you to show something or prove something,
it means that you should present a proof explicitly in your solution!
(2) 3-dimensional rotation matrices in index notation:
Again, just carry out the steps as asked in the question. Really the only way things
can go wrong in this question is if you make mistakes with introducing dummy indices. It
is crucial that you never have any clash between dummy index assignments. In any given
term, an index can occur exactly once, if it is a free index (which will be common to all
terms in the equation), or else it can occur exactly twice, if it is a dummy index. A given
index can never occur more than twice in any term; if it does, there is a mistake.
In this question you are given
Mij = δij cos α + ni nj (1 − cos α) + ijk nk sin α ,

(1)

and you are asked to show that Mij Mik = δjk . When plugging in the expressions for Mij
and Mik , you must be sure to change the dummy index k in (1) to something that will not
clash with any other index. Thus you could choose to write
Mij

= δij cos α + ni nj (1 − cos α) + ij` n` sin α ,

Mik = δik cos α + ni nk (1 − cos α) + ikm nm sin α ,

and then you can safely plug these two expressions into Mij Mik , without any clash of
indices. The rest is just a matter of grinding through the algebra.
(3) Successive Lorentz boosts along x direction:
The calculation is reasonably straightforward here. In part (3b) you are asked to rewrite
the 3-velocity v in terms of the rapidity δ, defined by v = tanh δ. This can sometimes be a
nice way to parameterise a Lorentz boost. For one thing, the hyperbolic tangent function
has the property that tanh δ is zero when δ = 0 and tanh δ approaches 1 as δ goes to
infinity. This is nice because the maximum possible velocity in special relativity is the
speed of light, which is 1 in our units. So the hyperbolic tangent function stretches out the
range of possible velocities 0 ≤ v ≤ 1 into the infinite range 0 ≤ δ ≤ ∞. In particular, it
is useful when one is wanting to look at velocities very close to the speed of light (as, for
example, in a particle accelerator).
As you should discover without too much difficulty, the composition of two Lorentz
boosts along the x direction with rapidities δ and δ̃ gives a transformation that can be
described as a single Lorentz boost along x with rapidity δ + δ̃.
The factor γ = (1 − v 2 )−1/2 that appears in the Lorentz transformations is also nice
when written in terms of the rapidity:
1
= cosh δ .
γ=√
1 − v2

(2)

If we now write out the Lorentz transformations for a pure boost with velocity v along the
x axis:
t0 = γ (t − v x) ,
x0 = γ (x − v t) ,
y0 = y ,
z0 = z ,
(3)
then in terms of the rapidity we have
t0 = t cosh δ − x sinh δ ,

x0 = −t sinh δ + x cosh δ ,

y0 = y ,

z0 = z .

(4)

One can see in this language how similar a Lorentz transformation is to a rotation in 3dimensional Euclidean space. For example, compare (4) with a rotation through angle θ in
the (x, y) plane:
x0 = x cos θ + y sin θ ,

y 0 = −x sin θ + y cos θ ,

z0 = z .

(5)

In fact it used to be fashionable to treat special relativity as if it were just 4-dimensional
Eucidean geometry, which can be achieved if one defines an imaginary time coordinate
T = i t, and an imaginary rapidity parameter φ = −i δ. The Lorentz boost (4) then
becomes
T 0 = T cos φ + x sin φ ,

x0 = −T sin φ + x cos φ ,

y0 = y ,

z0 = z ,

(6)

which is then just a rotation by angle φ in the (T, z) plane in Euclidean 4-space with Cartesian coordinates (T, x, y, z). It might seem tempting to adopt this approach to describing

special relativity, and indeed it was done in the early days of the subject in some text books
and papers. It really isn’t very helpful in the long run, and one is liable to miss some
important aspects of the theory if one tries to do this.
(4) Successive Lorentz boosts along x and then y directions:
The aim of this problem is to show that a pure boost along x followed by a pure boost
along y can be re-expressed as a pure boost with a certain velocity ~v̂ followed by a pure
spatial rotation through an angle ψ (or maybe one should say −ψ) in the (x, y) plane. The
problem guides you through the steps. On the one hand, starting from the unprimed frame
with coordinates (t, x, y, z) one boosts first along x to a frame (t0 , x0 , y 0 , z 0 ), and then one
boosts along y 0 from this frame to (t00 , x00 , y 00 , z 00 ). On the other hand, one starts again from
the unprimed frame (t, x, y, z) and considers a pure boost with a velocity vector ~v̂ to a frame
(t̂, x̂, ŷ, ẑ), and then follows this with a pure rotation in the (x̂, ŷ) plane, to arrive again at
the final frame (t00 , x00 , y 00 , z 00 ). The equations for these transformations are all given in the
problem.
The strategy, then, is to take the expressions for (t00 , x00 , y 00 , z 00 ) that one arrives at by
the first route, and equate them to the expressions for (t00 , x00 , y 00 , z 00 ) that one arrives at
by the second root. The equations one obtains by this method must hold for all values of
(t, x, y, z), and so that gives a seemingly overdetermined system of equations that need to
be solved for ~v̂ and ψ. Provided one doesn’t make mistakes in the algebra, one finds that
the equations do indeed admit a solution.
It is clear, looking at the equations, that the place to start is the equation that comes
from equating t00 in the two routes, because this does not involve the angle ψ at all. The
t00 equation in fact gives three equations, since the coefficients of t, x and y must match
independently. It is easy enough to solve these equations, to determine ~v̂.
Having found ~v̂, one now turns to the equations that result from equating x00 obtained
by the two routes, and then likewise y 00 and z 00 . (There is no no-trivial content coming from
equating z 00 , in fact.) Again, one gets three equations from equating the x00 expressions,
since the coefficients of t, x and y must separately match. Since we are only left with
the rotation angle ψ to solve for, just one of these equations is sufficient. Equating the
coefficient of t on the two sides of the x00 equation allows one to solve for ψ. The remaining
two equations coming from matching x and y coefficients in x00 , and the three equations
coming from matching the t, x and y coefficients in y 00 , then must just reconfirm what has
already been established. They do. (If one has not made algebraic errors!)
Remarks about Lorentz Group:
The Lorentz transformations form a group. That is to say, they obey the group laws:
1 There is an identity element, Λ = 1l.
2 Every group element Λ has an inverse Λ−1 , such that Λ Λ−1 = 1l.

e gives another group element Λ̂ = Λ Λ.
e
3 The product of any two group elements Λ and Λ

4 The group product is associative, so Λ1 (Λ2 Λ3 ) = (Λ1 Λ2 ) Λ3 .
In our case the group product is just the multiplication of matrices, so the associativity
is assured. The defining property of the Lorentz transformations is that the matrix Λ must
satisfy
ΛT η Λ = η ,
η = diag (−1, 1, 1, 1) .
(7)
The identity element is obviously just the identity matrix, Λ = 1l, which indeed satisfies (7).
To check the existence of the inverse, we first note that by taking the determinant of (7)
we get det Λ = ±1. Since this is non-zero, the inverse Λ−1 of every matrix Λ obeying (7)
exists. We must show that Λ−1 also obeys the defining equation (7). To do this, multiply
(7) on the left by (Λ−1 )T and on the right by Λ−1 . This gives
η = (Λ−1 )T η Λ−1 ,

(8)

and so the inverse matrix indeed satisfies the same Lorentz transformation defining equation.
e is
Finally, we need to check that the product of two Lorentz transformations Λ and Λ
e also satisfies (7). We
again a Lorentz transformation. That is, we must show that Λ̂ ≡ Λ Λ
indeed have
e T ΛT η Λ Λ
e =Λ
eT η Λ
e = η,
Λ̂T η Λ̂ = Λ
(9)
e by definition satisfy (7).
where we have used that Λ and Λ
As shown by the above discussion, the set of all Lorentz transformations, with the
defining property (7), form a group. If the Minkowski metric η in (7) had instead been just
the identity matrix, we would have had the defining property ΛT Λ = 1l and the Λ’s would
form the group O(4) of orthogonal 4 × 4 matrices. Instead, with η being

η = diag (−1, 1, 1, 1) ,

(10)

the Λ’s form the group O(1, 3) of “pseudo-orthogonal” 4 × 4 matrices.
Having established that the Lorentz transformations form a group, way may now ask if
the subset consisting of all pure boost Lorentz transformations form a group. We have seen
in the lecture notes that for pure boosts we have
Λ0 0 = γ ,
Λi 0 = −γ vi ,

Λ0 i = −γ vi ,
Λi j = δij +

γ−1
vi vj .
v2

(11)

It is evident therefore that the matrix Λ (whose components are Λµ ν with µ labelling rows
and ν labelling columns) has the special property of being symmetric in the special case of
a pure boost:
ΛT = Λ ,
for a pure boost .
(12)

We can now see that in general the product of two pure boosts is not itself a pure boost:
e are pure boosts. This means ΛT = Λ and Λ
e T = Λ.
e What about the
Suppose Λ and Λ
e We have
product Λ̂ ≡ Λ Λ?
e T =Λ
e T ΛT = Λ
e Λ.
Λ̂T = (Λ Λ)

(13)

This last expression is not in general equal to Λ̂. It would only be equal to Λ̂ if the matrices
e commuted with each other, i.e. if
Λ and Λ
e =Λ
e Λ.
ΛΛ

(14)

This is not true in general. An example where it is not true is the one studied in question
e is the pure boost along x and Λ is the pure boost along y. And sure enough, one
4, where Λ
finds in question 4 that the product of these two Lorentz boosts is not itself a pure boost;
it involves a spatial rotation as well.

611: Electromagnetic Theory
Problem Sheet 2
(1a) Show that if a (real) Cartesian vector V i in 3-dimensional Euclidean space satisfies
V i V i = 0, then it must be that V i = 0
(1b) Show that if a (real) 4-vector V µ in 4-dimensional Minkowski spacetime satisfies
V µ Vµ = 0, then V µ need not be zero.
(1c) A particle following the worldline xµ = xµ (⌧ ) has 4-velocity U µ = dxµ (⌧ )/d⌧ and
4-acceleration aµ = dU µ /d⌧ , where ⌧ is the proper time. Show that U µ aµ = 0.
(2a) Suppose we know that ⌘ Aµ Bµ is a Lorentz scalar, where Aµ is an arbitrary 4vector. Prove that Bµ must therefore be a 4-vector. (This is a special case of a more
general quotient theorem for tensors. Note that it is essential in the argument that
Aµ can be an arbitrary 4-vector; make sure your proof makes use of this!)
(2b) Show that the tensor Sµ⌫ ⌘ Wµ⇢ W⌫ ⇢ is always symmetric, regardless of any symmetry
properties of the tensor Wµ⌫ .
(3) A 4-vector V µ is called timelike if V µ Vµ < 0; spacelike if V µ Vµ > 0; and null (or
lightlike) if V µ Vµ = 0. Suppose that k µ is a null vector. Show that if a non-spacelike
vector V µ is orthogonal to k µ (i.e. k µ Vµ = 0), then it must be that V µ is just a
multiple of k µ .
[Hint: A classic and elegant way to solve a problem like this is to consider a judiciouslychosen “perfect square,” which gives something useful when expanded out, and which
also has a useful property when written as a square. Here, you could consider
W ⌘ (V µ
k µ )(Vµ
kµ ), where the as-yet arbitrary quantity is then chosen in
an optimal manner.]
(4a) Define the scalar quantity R by R2 = ⌘µ⌫ xµ x⌫ . Show that @µ R = ⌘µ⌫ x⌫ /R.
(4b) Hence show that
1
=0
R2
(assuming R 6= 0).
(4c) Derive the condition on the constant 4-vector kµ such that
⌘ e i kµ x
solves the wave equation

µ

= 0.

Due Wednesday 9th September. Please scan your solutions and e-mail as a
SINGLE pdf to haoyuzhang001@gmail.com

611: Electromagnetic Theory
Problem Sheet 3
(1a) Complete the derivation of the discussion in section 2.4 of the lecture notes, by deriving
~ 0 in terms of E
~ and B,
~ for an arbitrary Lorentz
the Lorentz transformation that gives B
boost with velocity ~v .
(1b) Specialise your result in part (1a) to the case where the boost is along the x direction,
and similarly specialise eqn (2.56) in the lecture notes to a boost along x. Hence verify
~ and E
~ after
the expressions given in eqn (2.60) of the notes for the components of B
boosting along x.
~ and B
~ fields are orthogonal, E
~ ·B
~ = 0, in the frame
(2a) Suppose that constant, uniform E
~ and B,
~ i.e. of the form
S. Look for a Lorentz boost using a velocity orthogonal to E
~ ⇥ B,
~ where is a constant that you should determine, such that in the frame
~v = E
0
~ 0 = 0.
S the magnetic field vanishes, B
(2b) Bearing in mind that any boost velocity must be less than the speed of light, find the
~ and B
~ that must be satisfied in order for the boost in part (2a)
condition involving E
to be possible.
(2c) Repeat the steps in (2a) and (2b) in the case that one tries instead to make the electric
field vanish in the frame S 0 .
~ and B)
~ is it
(2d) Under what circumstances (expressed again as a condition involving E
impossible to find a boost of the form discussed in this question that allows one or
~ 0 and B
~ 0 to be set to zero?
other of E
~ 0 and B
~ 0 in terms of E
~ and
(3) Show by direct computation using the expressions for E
~ that are given in eqns (2.56) and (2.57) of the lecture notes, that (B
~2 E
~ 2 ) is
B
~ ·B
~ is also
invariant under Lorentz boosts. Again using (2.56) and (2.57), show that E
invariant under Lorentz boosts.

Turn over for problem 4
1

This next question shows another way of describing the Lorentz transformations:
(4a) Define the 2 ⇥ 2 complex matrix
X=

t+z x
x + iy t

iy
z

!

.

(1)

Show that X is Hermitean. Now consider the complex matrix A defined by
!
a b
A=
,
ad bc = 1 .
c d

(2)

Show that it satisfies det A = 1. Such matrices A are said to form the group SL(2, C);
i.e. complex 2⇥2 matrices with unit determinant. Because of the condition ad bc = 1,
the four complex numbers a, b, c d are subject to one complex equation and hence
SL(2, C) is parameterised by 3 complex numbers, or, equivalently, 6 real numbers.
(4b) Show that det X = t2

x2

y2

z2 =

X 0 = A X A† ,

⌘µ⌫ xµ x⌫ . Show also that if we define
det X 0 = det X .

then

(3)

This action of SL(2, C) on X in fact describes the Lorentz transformations on (t, x, y, z).
Next are two examples:
(4c) Consider the matrix
A=

cosh 12
sinh 12

sinh 12
cosh 12

!

.

(4)

Show that it is an SL(2, C) matrix, and show using (3) that it describes a Lorentz
boost along x, with rapidity . (That is, the boost velocity is v = tanh .)
(4d) Consider the matrix

0

A=@

i
e2✓

0

e

1

0 A
.
i
2✓

(5)

Show that it is an SL(2, C) matrix, and show using (3) that it describes a spatial
rotation through angle ✓ in the (x, y) plane.

Note that, as always, the instruction “Show that ... ” means present the
demonstration in your solution. Don’t just assert without proof that it is true,
or merely state that you have checked and it is true!
Due Wednesday September 16th. Please scan your solutions and concatenate
into a SINGLE pdf file. E-mail to haoyuzhang001@gmail.com
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611: Electromagnetic Theory
Problem Sheet 4
(1) The relativistic Hamiltonian for a particle of mass m and electric charge e in an
~ is
electromagnetic field described by potentials and A
q
H = (⇡j eAj )(⇡j eAj ) + m2 + e .

Use Hamilton’s equations @H/@⇡i = ẋi and @H/@xi = ⇡˙ i to derive the equation of
motion of the particle, and show that it is just the usual Lorentz force equation.
Note: Make sure that your derivation makes use only of the information
that comes from the Hamilton equations! You must not bring in any formulae
for the particle dynamics that were derived previously in the Lagrangian formalism or
elsewhere. The entire point of the question is to show how one derives the equations
of motion using just the Hamilton equations.

(2a) This is a slightly more general variant of a problem in homework 3. The transforma~ and B
~ under a general Lorentz boost with velocity ~v are
tions of E
~ 0 = (E
~ + ~v ⇥ B)
~
E

1
v2

~ ~v ,
(~v · E)

~ 0 = (B
~
B

~
~v ⇥ E)

1
v2

~ ~v .
(~v · B)

~ and B
~ are constant fields, then by choosing ~v = E
~ ⇥B
~ for a suitable
Show that if E
constant (which you should determine), a Lorentz frame can in general be found in
~ 0 and B
~ 0 are parallel, i.e E
~0 ⇥ B
~ 0 = 0.
which the transformed fields E
~ ·B
~ = 0, then the required boost velocity will satisfy |~v | = |E|/|
~ B|
~ or
(2b) Show that if E
~ E|.
~
|~v | = |B|/|
~ ·B
~ = 0 and |E|
~ = |B|?
~
(2c) Why is it impossible to perform such a boost in the case that E
2 µ

⌫

(3) Starting from the Lorentz force equation m dd⌧x2 = eF µ ⌫ dx
d⌧ , and taking the special
~ = (E, 0, 0) and B
~ = 0, where E is a constant, solve directly for the
case where E
components of xµ as functions of proper time ⌧ . Show that by choosing constants of
integration appropriately, the results reproduce the solution for the particle motion
obtained in section (3.2.1) of the lectures. (Note that the Lorentz force equation
µ
above does not, of itself, fix the normalisation of dx
d⌧ . However, we know also that
µ dx⌫
⌘µ⌫ dx
d⌧ d⌧ = 1 for a massive particle.)

Turn over for problem 4
1

(4) Define the matrix F ⌘ ⌘ 1 F , where F is the Maxwell field strength matrix defined in the first equation in eqn (2.16) in the lecture notes. (So F is the matrix
with components F µ ⌫ .) Define U as the column vector with components U µ . (So
U T = (U 0 , U 1 , U 2 , U 3 ), where the superscript T denotes the transpose.) Note that
the Lorentz force equation for a particle of mass m and charge e can then be written
in the matrix form
dU
e
=
FU.
d⌧
m

(1)

Note that in parts (4a), (4b) and (4c) of this problem you should just work with the
~ and B!
~
abstract matrix F; do not complicate life by expressing it in terms of E
(4a) Assuming that the components of F are constant, show that (1) can be integrated to
give
⇣e
⌘
U = exp
F⌧ U,
(2)
m
where U is a constant column vector (these are the “constants of integration”; they
e
are equal to U at ⌧ = 0). Note that here, the matrix m
F ⌧ is being exponentiated;
the exponential of a matrix M can be defined by its Taylor expansion:
exp M =

X 1
M n = 1 + M + 21 M 2 + · · · .
n!

n 0

Be sure to justify all matrix manipulations.
(4b) We know that the 4-velocity should satisfy U T ⌘ U = 1. Show that the solution (2)
for U will satisfy this condition, provided that the integration constants U are chosen
so that U T ⌘ Ū = 1. (Showing this involves some matrix manipulations that depend
upon the fact that the matrix F (not F!) is antisymmetric.)
(4c) Writing X as the column vector with components xµ (so X T = (x0 , x1 , x2 , x3 )), and
assuming that F is invertible, integrate (2) once more to obtain the solution for X.
~ and B,
~ and hence find the condition, in terms of E
~ and
(4d) Calculate det F in terms of E
~ for F to be invertible.
B,

Due Wednesday September 23rd. Please scan your solutions and concatenate
into a SINGLE pdf file. E-mail to haoyuzhang001@gmail.com
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603: Electromagnetic Theory I
Comments on Problem Sheets 2, 3 and 4
Problem Sheet 2
1a) and 1b) It can sometimes be very useful in Euclidean geometry that the square of
any (real) vector Vi is non-negative, Vi Vi
0, with equality implying Vi = 0. Think, for
example, of the way one proves the uniqueness theorem for solutions of r2 = 4⇡⇢ in
electrostatics. The di↵erence between two solutions ⌘ 1
2 obeys Laplace’s equation
2
r = 0. The trick is to multiply by , integrate over a volume V and integrate by parts
Z
Z ⇣
⌘
2
3
0 =
r d x=
@i ( @i ) (@i )(@i ) d3 x ,
ZV
Z V
=
@i dSi
(@i )(@i )d3 x ,
SZ
V
=
(@i )(@i )d3 x ,
(1)
V

where we can drop the boundary term if or its normal derivative vanishes on the boundary
R
surface S. The vanishing of V (@i )(@i )d3 x then means that (@i )(@i ) must vanish at
each point, and this then means that @i = 0 and hence 1 = 2 + const. Nice arguments
like this don’t work if the metric signature is indefinite.
2a) We are told that = Aµ Bµ is a Lorentz scalar and Aµ is an arbitrary Lorentz
vector. We must then prove that Bµ is a Lorentz vector. Note that this is not just a matter
of saying that if Bµ were a Lorentz vector then indeed would be a Lorentz scalar! We are
required to prove that, given the stated information, Bµ must be a Lorentz vector. The
way to approach it is to write down the equation in a primed Lorentz frame, and use what
you know about 0 and A0 µ , but making no a priori assumptions about Bµ0 . You then have
to figure out a way to extract the desired result about Bµ0 , making use only of the given
information. The fact that Aµ can be arbitrary will form an essential part of the proof. In
essence, this depends upon the fact that if we know Xµ Aµ = 0 for all possible Aµ , then it
must be that Xµ = 0.
3) Follow the given hint in order to prove the result. It is quite elegant. The important
thing is that you can choose to be whatever you like, so make use of that fact to make
something nice happen! Think about questions (1a) and (1b) for guidance about how to
make an optimal choice for .

Problem Sheet 3
3) It is instructive to look back at your findings in problem (2) in the light of the fact
~2 E
~ 2 ) and E
~ ·B
~ are Lorentz invariant.
that (B

4) The fact that the Lorentz group O(1, 3) can also be described by the complex group
SL(2, C) is actually quite important and has been employed quite widely in special and
general relativity, and in quantum field theory. One point worth noting is that the mapping
is not one-to-one. In this problem it is established that a Lorentz transformation can be
described by
!
!
t
+
z
x
iy
a
b
X ! X 0 = AXA† ,
where X =
,
A=
,
(2)
x + iy t z
c d
where the complex numbers a, b, c and d obey ad bc = 1, in other words det A = 1.
The SL(2, C) matrices qu. (4c) and (4d) are just a couple of examples showing how a
Lorentz boost or a spatial rotation can be written in this language. If you want to play
around a bit more, you could figure out how to write Lorentz boosts along y or along z.
Likewise, how to write a spatial rotation in the (x, z) plane or the (y, z) plane.
Notice, that the matrix ( A), which also satisfies det( A) = 1, describes the same
Lorentz transformation as the one described by A:
X 00 = ( A)X( A)† = AXA† = X 0 .

(3)

This means that SL(2, C) actually describes a double covering of the Lorentz group, since
two di↵erent elements in SL(2, C), namely A and ( A), describe the same Lorentz transformation. This double cover is also known as the Spin Group Spin(1, 3), and it becomes
important when describing fermionic fields, which have half-integer spin.
It is also related to the fact that the rotation group is not simply connected, whereas its
double-covering is. You may have seen a demonstration with a book balanced on someone’s
hand, where a rotation of the book through 360 degrees results in the person’s arm being
twisted. Continuing with a further 360 degree rotation, instead of causing a worse twist
in the arm, gets back to the initial untwisted configuration. So two complete rotations are
necessary in order to get back to the starting configuration.
If time permits, we may encounter SL(2, C) again in the course.

Problem Sheet 4
1) The purpose of this problem is to appreciate how the equations of motion can be
derived from a Hamiltonian H, using the Hamilton equations
@H
= ẋi ,
@⇡i

@H
=
@xi

⇡˙ i .

(4)

The Hamiltonian is viewed as being a function of the coordinates xi and the canonical
momenta ⇡i .
The most important pitfall to avoid is that you should not import the formula ⇡i =
pi + eAi from elsewhere and then feed that into the calculations. The whole point is that

this will be an output from the Hamilton equations themselves, not an input grabbed from
somewhere else! The instructions accompanying this question on the problem sheet were
trying to make this clear.
It may be helpful first to review how the Hamilton equations work in the simple “toy”
example of a non-relativistic massive particle in a potential V (~x), for which the Hamiltonian
is
1
H=
⇡i ⇡i + V (~x) .
(5)
2m
As you will easily see, the first Hamilton equation in (4) tells you what ⇡i is in terms of
ẋi . The second equation in (4) then gives the equation of motion for the particle. Notice
that you never need to bring in any formulae from anywhere else! The Hamilton equations
themselves tell you everything.
The same is true in the relativistic example in question (1) of problem sheet 4. It takes
a little more e↵ort to unscramble the contents of the Hamilton equations now, but it can be
done. In particular, you can derive ⇡i = pi + eAi from the first of the Hamilton equations
in (4).
2) Again here, it is instructive to review what you find in this problem in the light of
~2 E
~ 2 ) and E
~ ·B
~ are Lorentz invariant.
the fact that we know (B
3) and 4) The lesson to be learned from these problems is that in terms of the coordinates
2 µ
µ
and the proper time ⌧ in the 4-dimensional Lorentz-force equation m dd⌧x2 = eF µ ⌫ dx
d⌧ ,
if the electric and magnetic fields are constants then this is just a set of linear di↵erential
equations with constant coefficients, and so it is pretty easy to solve them.
In question (3), you re-examine the case where there is just a constant electric field in
the x direction, which was solved in terms of x, y, z and t in the lectures. Without too much
trouble, one can see how to relate the solutions in the two approaches, by re-expressing the
easily-obtained solutions for x(⌧ ), y(⌧ ) and z(⌧ ) from the four-dimensional approach as
functions of t instead. This is done by inverting the expression for t = t(⌧ ) that one obtains
in the four-dimensional approach, to express it instead as ⌧ = ⌧ (t).
In question (4), the general case with arbitary constant electric and magnetic fields is
studied. This can be done quite abstractly, by adopting a matrix notation. Note, by the
way, that having observed that the exponential of a matrix is defined by its power-series
expansion, as given in the un-numbered equation in part (4a), it is not necessary to write
out the series expansion every time one uses the matrix exponential. It is just useful to
keep it in mind if one wants to prove something like
xµ

d
e
d

M

=Me

M

,

(6)

for example.
Notice in question (4d) that in fact the example of the pure electric field in qu. (3) is
a degenerate case of the discussion in (4c), for which the inverse of F does not exist. One

would then have to modify somewhat the final step in the general discussion, in part (4c).
The general idea of how to do this can be seen from the example in question (3), for which
one has
0
1
0 E 0 0
B
C
BE 0 0 0C
B
C.
F =B
(7)
C
@ 0 0 0 0A
0 0 0 0
Notice that we can think of this as matrix of 2 ⇥ 2 blocks:
!
G 0
F=
,
where the 2 ⇥ 2 matrix G is
0 0
It is then clear that

⇣e
⌘
exp
F⌧ =
m

exp

⇣

e
m

0

G⌧

⌘

G=
!
0
1l

,

0 E
E 0

!

.

(8)

(9)

and so the “beef” of the problem is all contained in the upper left 2 ⇥ 2 block of the 4 ⇥ 4
matrix. Furthermore, the 2 ⇥ 2 matrix G is invertible, thus allowing the integration to
obtain X to be implemented.
This particular degenerate example was especially simple to analyse because the matrix
F in (7) fell apart right away into the block-diagonal form (8). In a more generic degenerate
example where det F = 0, one could always perform some kind of block-diagonalisation of
the matrix F, by means of an appropriate similarity transformation F ! F 0 = SFS 1 ,
where the matrix F 0 again would have only an upper-left non-vanishing 2 ⇥ 2 block, which
itself was invertible.

611: Electromagnetic Theory
Problem Sheet 5
(1a) Show that the Bianchi identity @µ F⌫⇢ + @⌫ F⇢µ + @⇢ Fµ⌫ = 0 can be written as
@µ ⇤F µ⌫ = 0 ,
where ⇤F µ⌫ is the Hodge dual of Fµ⌫ , defined by ⇤F µ⌫ ⌘ 12 ✏µ⌫⇢ F⇢ .
(1b) Show that the vector V µ ⌘ ⇤F µ⌫ A⌫ has the property that
@µ V µ = 14 ✏µ⌫⇢ Fµ⌫ F⇢ .
(2) This problem is concerned with establishing some results for the ✏µ⌫⇢ tensor. It will
begin by following the same steps for the slightly simpler case of ✏ijk in 3 dimensions,
where it is easier to see what is going on. We shall need some notation for indicating
an antisymmetrisation over a set of indices. For any tensor Wµ1 ···µn we define
W[µ1 ···µn ] ⌘

1
(Wµ1 ···µn + even permutations
n!

odd permutations) .

Thus, for example,
1
1
W[µ⌫] = (Wµ⌫ W⌫µ ) , W[µ⌫⇢] = (Wµ⌫⇢ + W⌫⇢µ + W⇢µ⌫ W⌫µ⇢ Wµ⇢⌫
2!
3!
and so on. Analogous definitions apply in three dimensions. Define also
⌫1 ···⌫n
µ1 ···µn

⌘

[⌫1 ⌫2 ⌫3
µ1 µ2 µ3

···

(1)

W⇢⌫µ ) ,

⌫n ]
µn .

(2)

(Note that this is also automatically antisymmetric in the µ1 , . . . , µn indices.)
ijk
(2a) Show that ✏ijk ✏`mn = 6 `mn
. Hint: Observe that the left-hand side is antisymmetric
in ijk and in `mn, and that the right-hand side is also antisymmetric in ijk and in
`mn. From this, you can argue that it is only necessary to check the equation for one
non-trivial assignment of the six index values in order to verify it completely. (Make
sure you actually present an argument; don’t just state it without proof!)

(2b) Take the identity in Qu. (2a) and set n = k. Show by this means that
✏ijk ✏`mk =

i j
m `

i j
` m

=2

ij
`m .

(3)

(2c) Using an analogous argument to that in Qu. (2a), show that
✏µ⌫⇢ ✏↵

=

24

µ⌫⇢
↵

.

(4)

(Pay attention to that minus sign!)
(2d) By contracting
✏µ⌫⇢ ✏↵

=

and , show that
µ ⌫ ⇢
↵

⌫ ⇢ µ
↵

⇢ µ ⌫
↵

Turn over for problems 3 and 4
1

+

⌫ µ ⇢
+ ↵µ ⇢ ⌫
↵

+

⇢ ⌫ µ
↵

=

6

µ⌫⇢
↵

. (5)

(3a) Using the result in part (2d), show that ✏µ⌫⇢ ✏↵

⇢

=

2

µ ⌫
↵

+2

µ ⌫
↵

=

4

µ⌫
↵ .

(3b) Use the result in part (3a) to show that ⇤(⇤F µ⌫ ) = Fµ⌫ . (i.e. that the Hodge dual
of the Hodge dual of a 2-index antisymmetric tensor is equal to minus the original
tensor.)
⇣
⌘
(3c) Show that the tensor Tµ⌫ = (4⇡) 1 Fµ⇢ F⌫ ⇢ 14 F ⇢ F⇢ ⌘µ⌫ (i.e. the energy-momentum
tensor for the electromagnetic field), can be written as
Tµ⌫ =

1
(Fµ⇢ F⌫ ⇢ + ⇤F µ⇢ ⇤F ⌫ ⇢ ) .
8⇡

(4a) Derive the equation of motion (Euler-Lagrange equation) that follows from the Lagrangian density
L=

m2 µ
A Aµ + J µ Aµ
8⇡

1 µ⌫
F Fµ⌫
16⇡

where m is a constant, and Fµ⌫ ⌘ @µ A⌫ @⌫ Aµ . This theory is a massive generalisation
of Maxwell’s theory, known as the Proca theory. Note that the Proca equation of
motion is not gauge invariant.
(4b) Assuming that the 4-current J µ is conserved (i.e. @µ J µ = 0), show that the Proca
equation of motion implies that Aµ obeys @µ Aµ = 0.

Due Wednesday September 30th. Please scan your solutions and concatenate
into a SINGLE pdf file. E-mail to haoyuzhang001@gmail.com
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611: Electromagnetic Theory
Problem Sheet 6
(1) Consider an isolated system of electromagnetic fields, with (conserved) energy-momentum
tensor Tµ⌫ . The conserved 4-momentum P µ and conserved angular momentum M µ⌫
are defined as in eqns (4.78) and (4.89) in the lecture notes. Show that the conservation law for the M 0i components implies that
~
dR
P~
= ,
dt
E

(1)

R
~ is the centre of mass of the electromagnetic field, defined by R
~ W d3 x =
where R
R
~r W d3 x, where W is the energy density, E is the total energy and P~ is the total
relativistic 3-momentum.
(2) In a source-free region, the Maxwell field equations are @µ F µ⌫ = 0. Writing Fµ⌫ =
@µ A⌫ @⌫ Aµ , write down the wave equation that Aµ satisfies when one imposes the
Lorenz gauge condition @µ Aµ = 0.
(2a) Look for a solution of the form Aµ = aµ sin(k · x), where aµ and kµ are constant
4-vectors, and the notation k · x means kµ xµ . Derive the two equations involving
aµ and/or kµ that are implied by (1) the Lorenz gauge condition and (2) the wave
equation for Aµ .
1
(2b) Calculate the energy-momentum tensor Tµ⌫ = 4⇡
(Fµ⇢ F⌫ ⇢ 14 F ⇢ F⇢ ⌘µ⌫ ). [Note:
Make use of the two conditions on aµ and kµ that you derived in part (2a). The final
result is very simple!]

(2c) Show explicitly that your result for Tµ⌫ satisfies @ µ Tµ⌫ = 0.
(2d) Show that the electric field and the magnetic field make equal contributions to the
1 ~2
~ 2 ) for this field.
energy density W = 8⇡
(E + B

Turn over for problems 3 and 4
1

(3a) Suppose that k µ is a non-spacelike vector (so k µ kµ  0), and that Bµ⌫ is an arbitrary
antisymmetric tensor. Define V µ ⌘ B µ ⌫ k⌫ . Show that V µ is a non-timelike vector,
i.e. that V µ Vµ 0.
[Hint: An elegant way to prove this is by considering (V µ
k µ )(Vµ
kµ ), where
is an arbitrary quantity that you choose appropriately in order to obtain the desired
result. (Recall Qu. (3) of Homework 2, and the discussion about this problem in the
“Comments and Discussion related to Homeworks 2, 3 and 4” file.)]
(3b) Make use of you result from Qu. (3a) in order to prove that
Tµ⌫ k µ k ⌫

0,

(2)

where Tµ⌫ is the energy-momentum tensor for the electromagnetic field. (Recall from
1
Qu. (3c) of Homework 5 that we can write Tµ⌫ = 8⇡
(Fµ⇢ F⌫ ⇢ + ⇤F µ⇢ ⇤F ⌫ ⇢ ). )
Note: An energy-momentum tensor that obeys the inequality in eqn (2) is said to
obey the Weak Energy Condition. It is a property of any physically-reasonable matter
system, and it plays an important role in the study of the evolution of gravitating
systems in the general theory of relativity. Observe also that an observer with 4velocity U µ relative to the inertial frame S will measure an energy density Tµ⌫ U µ U ⌫ .
(4a) Apply the method discussed in the lectures to calculate the energy-momentum tensor
Te⇢ ⌫ =

@L
@⇢ A +
@(@⌫ A )

⌫
⇢

L

(3)

for the source-free Proca theory, whose Lagrangian density is
L=

1
F µ⌫ Fµ⌫
16⇡

m2
A A .
8⇡

(4)

(The energy-momentum tensor is denoted here with a tilde to signify that it is not
symmetric when its first index is raised: Teµ⌫ 6= Te⌫µ .)

(4b) Now construct the energy-momentum tensor T µ⌫ that is symmetric, by adding an
µ ⌫ . (Note: You can be guided
appropriate term @ µ⌫ to Teµ⌫ , where µ⌫ =
by what was done in the Maxwell case in the lecture notes. But make sure you don’t
overlook any consequences of adding the @ µ⌫ term!)
(4c) Check that the T µ⌫ you obtained in Qu. (4b) really does satisfy the conservation
equation @⌫ T µ⌫ = 0, upon using the Proca equation of motion (see Qu. (4a) of
Homework 5).
Due Wednesday October 7th. Please scan your solutions and concatenate into
a SINGLE pdf file. E-mail to haoyuzhang001@gmail.com
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611: Electromagnetic Theory
Problem Sheet 7
(1) Consider the expression for the electric field due to a charge e moving with uniform
velocity ~v , as derived in the lectures. Evaluate the surface integral
Z
~ · dS
~
E
S

over a spherical surface that encloses the moving charge.
(2) A particle of charge e moves along the x axis with (relativistic) constant velocity v,
and so the electric field is given by eqn (5.38) in the lecture notes. A second particle,
carrying charge q, is fixed at the point y = a on the y axis (i.e. at the coordinate
R1
position (0, a, 0)). Calculate the total impulse I~ ⌘ 1 F~ dt that is experienced by
the fixed particle over the period from t = 1 to t = 1. (F~ is the 3-force exerted
on the fixed particle by the moving particle.)
(3a) Consider the non-relativistic motion of a particle of mass m moving under the
influence of a central force F~ = ~r/r3 . Show, using the equations of motion, that the
Runge-Lenz vector
~ = p~ ⇥ L
~ + m  ~r
W
r
~ /dt = 0, where L
~ = ~r ⇥ p~ is the angular momentum of the
is conserved, i.e. that dW
particle about the centre of the force at r = 0. (The calculation is most easily done
in Cartesian coordinates.)
(3b) Suppose now that the orbit is an ellipse (as given by eqn (5.75) in the notes); that is,
~ is aligned with
 < 0 and m2 /(2`2 ) < E < 0. Show that the Runge-Lenz vector W
~ merely by
the major axis of the ellipse. (You can in fact establish the direction of W
knowing that that the orbit is an ellipse with the central charge at the focus, without
needing the details of the result in eqn (5.75).)

Turn over for problem 4
1

(4) Consider the relativistic orbital motion of a charged particle in a Coulomb potential,
in the case where `2 > 2 and  > 0 (repulsive force), so it is described by eqn (5.71)
in the notes. Show that the scattering angle for a particle with impact parameter
⇢ and velocity at infinity is given by
p

=⇡

2
1

z

1

,

(1)

where we define
= arctan ⇠ ,

⇠=

p

z

1,

z=

⇣ ⇢ ⌘2
a

2

1

2

,

a=


.
m

(2)

Note: The particle is sent in from infinity, passes close to the scattering Coulomb
potential, and then passes out to infinity again. The scattering angle is defined as
the change in angle between the ingoing and outgoing asymptotic paths (so it would
be zero if there were no charge Q present). The impact parameter is defined as
the perpendicular distance from the scattering centre to the “ingoing” straight-line
asymptote. (i.e. it is the distance by which the ingoing particle would “miss” the
scattering centre if the charge Q were zero.)
Hints: It is probably simplest to orient the axes so that the point of closest approach
on the particle’s trajectory occurs at ' = 0. In tackling this problem it is helpful
to draw a diagram, and, in particular, to make sure you correctly identify what is
meant by the impact parameter. Note that there are two parameters (constants of
integration) characterising the orbital path in eqn (5.71), namely ` (related to the
angular momentum) and E (the energy). These are re-expressed in terms of the
impact parameter ⇢ and the velocity at infinity in this problem.
Historical Remark: This calculation was first done by Charles Galton Darwin (the
grandson of “the” Charles Darwin) in 1913.

Due Wednesday October 14th. Please scan your solutions and concatenate into
a SINGLE pdf file. E-mail to haoyuzhang001@gmail.com
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603: Electromagnetic Theory I
Comments on Problem Sheets 5, 6 and 7
Problem Sheet 5
1a) After defining the Hodge dual of Fµ⌫ as ⇤F µ⌫ ⌘ 12 ✏µ⌫⇢ F⇢ , one see that the Bianchi

identity Maxwell equation @µ F⌫⇢ + @⌫ F⇢µ + @⇢ Fµ⌫ = 0 becomes simply @µ ⇤F µ⌫ = 0. So the
complete set of Maxwell equations can be written as
@µ F µ⌫ =

4⇡J ⌫ ,

@µ ⇤F µ⌫ = 0 .

(1)

If the 4-vector current J µ were zero (i.e. no sources), then there would be a complete
symmetry between the field equation (the first equation) and the Bianchi identity (the
second equation. It is instructive to work out the components of ⇤F µ⌫ in terms of the
electric and magnetic fields. For comparison, we give also the components of Fµ⌫ :
⇤

F 0i = Bi ,

⇤

F ij = ✏ijk Ek ;

F0i =

Ei ,

Fij = ✏ijk Bk .

(2)

(Of course since both tensors are antisymmetric, we don’t need to state explicitly what ⇤F i0
or Fi0 are.) We see that the components of ⇤F µ⌫ are given by taking Fµ⌫ and making the
replacements
~ !E
~,
B

and

~ !
E

~,
B

(3)

in other words, we switch the roles of electric and magnetic fields. The reason for the
asymmetry between the Maxwell field equation and the Bianchi identity in eqn (1) is that
we observe electric charges and currents in nature, but we don’t observe magnetic charges
and currents. If we did, and if we define an analogous 4-vector magnetic current density
µ
JM
, then the equations (1) would take on the more symmetric form

@µ F µ⌫ =

4⇡J ⌫ ,

@µ ⇤F µ⌫ =

⌫
4⇡JM
.

(4)

Of course in this case we would no longer be able to write the Maxwell tensor in terms of a
4-vector potential, because doing that depended up the fact that Fµ⌫ = @µ A⌫

@⌫ Aµ is a

solution of the Bianchi identity @µ F⌫⇢ +@⌫ F⇢µ +@⇢ Fµ⌫ = 0, or in other words, of @µ ⇤F µ⌫ = 0.
One circumstance where one could still talk about magnetic charge and yet still stay
essentially within the realm of the unaltered Maxwell equations is if magnetic charges existed
only in the form of isolated point charges. One would then still have @µ ⇤F µ⌫ = 0 “almost
everywhere,” and in fact one could still express Fµ⌫ in terms of a gauge potential Aµ , at
the price of having Aµ be singular in certain places. If time permits, we’ll see this in a bit
more detail later in the course.

Going back to the case where we have no source currents, the pair of Maxwell equations
@µ F µ⌫ = 0 ,

@µ ⇤F µ⌫ = 0 ,

(5)

0 , given by
are in fact invariant under continuous U (1) duality rotations Fµ⌫ ! Fµ⌫
0
Fµ⌫
= Fµ⌫ cos ✓ + ⇤F µ⌫ sin ✓ ,

⇤ 0
F µ⌫

=

Fµ⌫ sin ✓ + ⇤F µ⌫ cos ✓ .

(6)

The previous electric/magnetic exchange in (3) corresponds to the special case ✓ = 12 ⇡.
The notion of electric/magnetic duality turns out to play a central role in the modern
string theory, and it has led to insights of great importance for the understanding of the
non-perturbative structure of the theory.
2), 3a) Some fairly mechanical derivations of important identities involving products
of two epsilon tensors. These identities are needed repeatedly in tensor manipulations in
electromagnetic theory and elsewhere.
3b) A straightforward application of the result in (3a) shows that the Hodge dual of the
Hodge dual of a 2-index antisymmetric tensor, such as Fµ⌫ , gives back minus the original
tensor: ⇤(⇤F µ⌫ ) =

Fµ⌫ . Viewing the Hodge dualisation operation ⇤ as an abstract mapping

between 2-index antisymmetric tensors, we can say ⇤2 =

1. This means the eigenvalues of

⇤ are ±i. Thus one cannot have a tensor Fµ⌫ that satisfies the self-duality or anti-self-duality
condition Fµ⌫ = ±⇤F µ⌫ . If we were prepared to allow the tensor to be complex, then we
could have a tensor that obeyed Fµ⌫ = ±i ⇤F µ⌫ .
Note that that minus sign in ⇤2 =

1 stems from the fact that there was the minus sign

in the expression in Qu. (2c) on the problem sheet, and this then has its ramifications in
the contractions in Qu. (2d) and Qu. (3a). The minus sign is there because we are considering Minkowski spacetime, for which the metric tensor ⌘µ⌫ has eigenvalues ( 1, 1, 1, 1).
If we were instead considering 4-dimensional Euclidean space, the metric tensor would be
µ⌫

with eigenvalues (1, 1, 1, 1), and there would be no minus sign in those epsilon product

identities. That would mean that in Euclidean 4-space the Hodge dual ⇤ acting on 2-index

antisymmetric tensors would have the property ⇤2 = +1, which means it has eigenvalues

±1. Thus if we were concerned with tensors in 4-dimensional Euclidean space, we could
consistently impose a condition of self-duality or anti-self duality on real 2-index antisymmetric tensors, Fµ⌫ = ±⇤F µ⌫ . Such things do actually arise in some contexts in modern
high-energy theoretical physics.

3c) Showing that the energy-momentum tensor for the electromagnetic field can be
written in the form
Tµ⌫ =

1
(Fµ⇢ F⌫ ⇢ + ⇤F µ⇢ ⇤F ⌫ ⇢ )
8⇡

(7)

requires a fairly straightforward application of the result in Qu. (2d) for the sigly-contracted
product of two epsilon tensors. It is quite a nice way to write Tµ⌫ , and in particular, in view
of the previous discussion, it makes explicit the fact that the energy-momentum tensor is
invariant under duality transformations. As one can easily check, Tµ⌫ in eqn (7) is invariant
under the U (1) duality rotation given in eqn (6).
Writing Tµ⌫ in the form (7) can also be useful for other purposes; a simple example
arises in Qu. (3b) of problem sheet 6.
4) The Proca theory is a very natural generalisation of Maxwell theory in which a mass
term is introduced for the electromagnetic field. As far as we can tell, the photon (the
particle that mediates the electromagnetic interaction between charges) is massless to an
incredibly high degree of accuracy. But in order to test a question that like it really helps
to have in mind an “alternative theory” that would describe the counterfactual situation
one is trying to rule out. The Proca theory provides a simple such example.
Interestingly, there are certain properties of a massive field theory that do not just
change smoothly and continuously as one “turns o↵” the mass parameter. It was shown
in the lecture notes that the electromagnetic field propagates two degrees of freedom in
an electromagnetic plane wave. These could be organised into the states of positive and
negative helicity (parallel or anti-parallel to the direction of propagation of the wave). The
fact that there are only two physical polarisation states in the wave described by the 4component potential Aµ could be seen to be the consequence of the slightly non-obvious
way in which the gauge transformations knock out not just one, but instead two, polarisation
states.
In the Proca theory there is no gauge invariance. The Proca equations of motion themselves imply that @µ Aµ = (as was seen in Qu. (4b) of this problem sheet), and this means
that a wave solution would have 4

1 = 3 polarisation states. But nothing would knock

out any more.
In certain quantum systems the di↵erence between having 2 physical polarisation states
or 3 could make a discrete and non-trivial di↵erence. For example, the Casimir force between
two conducting plates, associated with quantum vacuum fluctuations in the electromagnetic
field, would be discretely di↵erent in the two cases. Thus in principle, one migh be able to
establish by means of such an experiment that the mass of the photon must be rigorously
zero, and not merely “sufficiently small.”

Problem Sheet 6
1), 2) These were fairly straightforward and self-explanatory problems. Note that the

expression you obtain in (2b) should fit the general result obtained in eqn (6.29) in the
lecture notes.
3) The result in (3a) is obtained using the same essential technique as was suggested
for proving the inequality in Qu. (3) on problem sheet 2. The result is then applied in
(3b), to show that the energy-momentum tensor for the electromagnetic field satisfies the
positivity property that Tµ⌫ k µ k ⌫

0 where k µ is an arbitrary timelike or null vector. The

details of the proof made use of the fact, established in Qu. (3c) of homework 5, that the
energy-momentum tensor of the electromagnetic field can be written in the form given in
eqn (7) of this commentary file.
If we had merely written Tµ⌫ in its usual form, as Tµ⌫ =

1
4⇡

(Fµ⇢ F⌫ ⇢

1 2
4 F ⌘µ⌫ ),

then

hitting it with k µ k ⌫ we would be able to use the result in (3a) to show the first term was nonnegative, but we would not learn anything useful from the second term, since F 2 = F µ⌫ Fµ⌫
~2 E
~ 2 ), as seen in eqn (4.3) in the lecture
could have either sign. (Recall that F 2 = 2(B
notes.) All this means, of course, is that we are not being sufficiently clever in the way of
organising the terms. The positivity of the first term, when we write Tµ⌫ k µ k ⌫ in this way,
is in actuality sufficient to outweigh the (possible) negativity of the second term; it’s just
that this fact is not apparent in this way of grouping the terms. By instead writing Tµ⌫ in
the form given in eqn (7) above, the result follows nicely.
Notice that if an observer has a 4-velocity U µ as measured in a particular frame S, then
Tµ⌫ U µ U ⌫ is energy density of the electromagnetic field as measured in the frame S. This
follows from the fact that if the observer were at rest in the frame S, its 4-velocity would
simply be given by U 0 = 1, U i = 0, and so Tµ⌫ U µ U ⌫ would just be equal to T00 . If the
observer is instead moving in the frame S with a generic 4-velocity U µ , then Tµ⌫ U µ U ⌫ ,
which is a Lorentz scalar, will therefore be the same; i.e. it gives the energy density of the
electromagnetic field.
The fact that one has shown in (3b) that Tµ⌫ k µ k ⌫

0 for any non-spacelike vector

k µ therefore extends this positivity statement to the case of an “observation” made by a
lightlike particle (we can hardly say “observer” in this case).
If you look at the work of Penrose and Hawking on the inevitability of gravitational
collapse to form black holes, and the nature of the big bang singularity in general relativity,
you will see that many of the results they obtained depended upon the assumption that the
matter in the universe obeys the physically reasonable property of having positive energy
density, as encoded in the weak energy condition. The calculation in this homework problem
illustrates that property for the electromagnetic field.
4) Reasonably straightforward application of the general formalism for calculating the

energy-momentum tensor, now applied to the case of the massive Proca generalisation of
Maxwell theory. In case any mistakes are made in parts (4a) and (4b), they should come
to light in part (4c), where you test the final result to make sure it obeys the conservation
equation @⌫ T µ⌫ = 0.

Problem Sheet 7
1) A rather straightforward question, checking to see what happens if you perform a
R
~ · dS
~ for the electric field due to a uniformly moving charge. The
Gaussian integral
E
S

electric field is no longer uniform in all directions, and its angular dependence was worked
out in the lecture notes. Since charge is a Lorentz-invariant quantity (the “number of
electrons” in a given region is the same for all observers), there can’t be much doubt about

what the answer ought to be. The integral can be worked out in a few lines, and sure
enough the expected result emerges. Note that in a simple problem like this, the credit
should be earned by actually showing the steps of doing the angle-dependent integral, not
not merely for reporting that you did it!
2) A similar sort of problem. It is perhaps not a priori obvious in this problem whether
one might expect relativistic modifications to the non-relativtic result. Because of the
angular dependence of the strength of the electric field due to the moving charge, one might
think the total impulse experienced by a stationary charge near the path of the particle
would have relativistic corrections. After all, if the charge passes by at a highly relativistic
velocity, the impulse imparted to the fixed charge will be in the form of a massive “kick”
as the particle goes by. On the other hand, that massive kick lasts for only a short time. I
must say I had no expectation one way or the other, when I did the calculation. As someone
recently said in a rather di↵erent context, “it is what it is.”
3) As seen in the lecture notes, for appropriate choices of the parameters a relativistic
charged particle orbiting a fixed central charge (of the opposite sign) can follow a “pseudoelliptical” orbit, which is like an ellipse except that the major axis precesses steadily from
one orbit to the next. By contrast, in the analogous non-relativistic problem the major
axis of the elliptical orbit stays rigorously fixed, and the particle follows around the same
elliptical path forever. This must mean that there is some additional conservation law in
the non-relativistic case. Indeed, there exists a further conserved quantity, as well as the
angular momentum and the energy, and this quantity is the Runge-Lenz vector. Fairly
simply calculations, as directed in the problem, show how this works.
4) Drawing a good diagram is rather helpful for tackling this problem, in which one

needs to calculate the total angle through which a relativistic charged particle is deflected
when it is sent in from infinity and goes out to infinity again. The equation giving r as a
function of the azimuthal angle ' defines the path of the particle, and so one can read o↵
from this equation what the angle ' is when the particle starts out near infinity, and when
it eventually ends up out at infinity again. Simple geometry allows a determination of the
angle through which its path has been deflected. The remainder of the e↵ort in solving
this problem involves working out what the parameters E (the energy) and ` (the angular
momentum) in the original r versus ' equation are in terms of

(the particle velocity as

infinity) and ⇢ (the impact parameter). This is fairly easy, since E and ` are both conserved
quantities, so they can be evaluated at any convenient point along the path of the particle.

Charles Darwin’s grandson, Charles Dalton Darwin, first did this calculation in 1913.
He made many other contributions in physics, including the first calculation of some of the
relativistic corrections to the fine structure of the hydrogen atom, using the Dirac equation.

611: Electromagnetic Theory
Problem Sheet 8
(1a) Consider an electromagnetic wave for which the electric field is given by
~ = E0 sin !t (sin !z, cos !z, 0) ,
E
~ and show that all the source-free Maxwell
where E0 and ! are constants. Solve for B
equations are satisfied.
(1b) Calculate the energy density and the Poynting vector.
(1c) Write the wave as a sum over elementary plane waves. What kind are they?
(2a) Consider a general elliptically-polarised monochromatic plane wave propagating along
the z direction with angular frequency !, and with (complex) electric field given by
~ = (a, bei , 0) ei!(z
E

t)

,

(1)

~ field, by
where a, b and are real constants. Calculate the corresponding complex B
requiring that the source-free Maxwell equations be satisfied.
(2b) By explicitly calculating the physical (real) components of the fields, calculate the
time-average hW i of the energy density, and show that it can be written in terms of
~ and B
~ as
the complex fields E
1 ~ ~⇤
1 ~ ~⇤
hW i =
E·E =
B·B .
(2)
8⇡
8⇡
(2c) By doing analogous calculations for the time average of the Poynting vector, show
that this can be written in terms of the complex fields as
~i= 1 E
~ ⇥B
~⇤ .
hS
(3)
8⇡

(3a) An elliptically-polarised monochromatic wave propagating along the z axis with angular frequency ! has electric field given by the real part of the complex field
~ = (a, a ei , 0) ei! (z
E

t)

,

(4)

where a and are real constants. Calculate the physical field components Ex and Ey ,
and hence obtain a quadratic relation involving Ex and Ey , depending on a and but
with no dependence on t or z. This relation describes the polarisation ellipse.
(3b) By making an appropriate diagonalising rotation in the (Ex , Ey ) plane, determine the
angles of the major and minor axes of the ellipse, and determine the major and minor
radii of the ellipse. (I had intended to ask this question for the general a 6= b case in
eqn (1), but the algebra might be a bit too involved for some people’s taste!)
Turn over for problem 4
1

(4a) An electromagnetic field is given, in the radiation gauge, by
polar components given by
Ar = 0 ,

A✓ = 0 ,

A' =

a sin ✓ h
cos k (r
k2 r2

~ in spherical
= 0 and A

t) + kr sin k (r

t)

i

,

(5)

~ and B,
~
where a and k are constants. Calculate the spherical-polar components of E
~ and B
~
and show that the source-free Maxwell equations are satisfied. (Note: Since E
are being written in terms of potentials, there is no need to check the Bianchi identity
equations; they are automatically satisfied.) [As always in problems like this, present
the steps that show how you have done the calculations. Don’t just report that they
work!]
~=
(4b) Calculate the spherical polar components of the Poynting vector S

1
4⇡

~ ⇥ B.
~
E

~ i of the Poynting vector you obtained in (4b), defined
(4c) Calculate the time average hS
by
Z 2⇡/k
~i= k
~ dt .
hS
S
(6)
2⇡ 0
~
(The answer is a lot simpler than the expression for S.)

(4d) Calculate the time-averaged power P flowing out through a spherical surface ⌃ of
radius r = R:
Z
~ i · d⌃
~.
P =
hS
(7)
⌃

Remark: The electromagnetic wave in this problem is not a plane wave, of course.
(Question: What is it?)
Some useful formulae for vectors in spherical polar coordinates are:
Divergence :

Curl :

2
~ ·V
~ = 1 @(r Vr ) + 1 @(V✓ sin ✓) + 1 @V' .
r
r2
@r
r sin ✓
@✓
r sin ✓ @'

~ ⇥V
~ )r =
(r
~ ⇥V
~ )✓ =
(r
~ ⇥V
~ )' =
(r

1 ⇣ @(V' sin ✓) @V✓ ⌘
,
r sin ✓
@✓
@'
@(r V' ) ⌘
1 ⇣ 1 @Vr
,
r sin ✓ @'
@r
1 ⇣ @(r V✓ ) @Vr ⌘
.
r
@r
@✓

Vector product :
~ ⇥V
~ ) r = U ✓ V'
(U

U ' V✓ ,

~ ⇥V
~ ) ✓ = U ' Vr
(U

U r V' ,

~ ⇥V
~ ) ' = U r V✓
(U

U ✓ Vr .

Due Wednesday October 21st. Please scan your solutions and concatenate into
a SINGLE pdf file. E-mail to haoyuzhang001@gmail.com
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611: Electromagnetic Theory
Problem Sheet 9
(1a) Construct the wavefunctions ψ = Bz and corresponding eigenvalues Ω2mn for TE
modes in a rectangular waveguide with sides at x = 0, x = a and at y = 0, y = b.
(1b) Suppose that b = 21 a. List the first few eigenvalues Ω2mn for TE modes and for TM
modes (which were discussed in the lecture notes). Hence determine the range of
angular frequencies ωL < ω < ωH that will propagate cleanly down the waveguide in
a single mode, with no possible interference from any other mode of propagation.
(1c) Determine the highest possible group velocity for any of the waves that can propagate
cleanly (i.e. no possible interference from other modes) down the b = 12 a waveguide.
(2a) Consider the special case of a rectangular waveguide when b = a. Show how to
construct the wavefunctions ψ = Bz for TE modes in the isosceles right triangle
defined by the three vertices (x, y) = (0, 0); (x, y) = (a, 0); and (x, y) = (a, a), in
terms of linear combinations of the wavefunctions for the square waveguide. Show
explicitly that the required boundary conditions are satisfies on all three sides.
(2b) Spell out the restrictions on the integers m and n in the expressions for the eigenvalues
Ω2mn in the four cases: (1) TM modes in the square; (2) TE modes in the square; (3)
TM modes in the isosceles right triangle; (4) TE modes in the isosceles right triangle.
Specify the degeneracies of all the eigenvalues. List the first three non-vanishing
eigenvalues in each case. (You can use results for TM modes in the notes.)
(3a) Remarkably, the case of an equilateral triangular waveguide is exactly solvable. Let
the vertices of the triangle be at (x, y) = (0, 0); (x, y) = ( √h3 , h); and (x, y) = (− √h3 , h).
Show that the functions
h (m − n)πx i
h (n − `)πx i
h (` − m)πx i
`πy
mπy
nπy
√
√
√
ψmn = W
sin
+W
sin
+W
sin
,
h
h
h
3h
3h
3h
are eigenfunctions of the 2-dimensional Laplacian ∇2⊥ , where ` ≡ −m − n and where
W is either the sine function or the cosine function. (i.e. Either all three W ’s are
sine, or else all three are cosine.) Calculate the corresponding eigenvalues Ω2mn of
∇2⊥ ψmn + Ω2mn ψmn = 0.
(3b) Show that ψmn in part (3a) satisfies the proper boundary conditions for TM modes
on all three sides of the triangle, for both choices for W . (Note: The calculation does
require a little non-trivial trigonometric manipulation. As usual, you should spell out
the calculational steps that lead to the conclusion; don’t just report that it works!)
(3c) What is the lowest eigenvalue Ω2min for this waveguide? Is it degenerate?
Turn over for problem 4
1

(4a) Consider a hollow conducting sphere of radius a. Use spherical polar coordinates
thoughout this problem. Consider TM electromagnetic waves with angular frequency
ω inside the cavity, so the radial component of the magnetic field vanishes, Br = 0. For
simplicity, restrict attention to fields that are independent of the azimuthal
angle ϕ. Show that the Maxwell equations imply that it is consistent to set also
Bθ = 0, and so the magnetic field is then given by the one non-vanishing component
Bϕ = ψ(r, θ) e−i ω t .

(1)

Use the Maxwell equations to derive the second-order partial differential equation
satisfied by ψ. Obtain expressions also for the components Er , Eθ and Eϕ of the
~ ·V
~
electric field, in terms of the function ψ. [You can refer to the expressions for ∇
~ ×V
~ in spherical polar coordinates that were given in HW8.]
and ∇
(4b) Separate variables in the standard way, by writing ψ(r, θ) = R(r) P (θ), and obtain
the second-order ordinary differential equations satisfied by R(r) and P (θ). Show
that the solutions for R(r) are given by the spherical Bessel functions j` (ω r) and
n` (ω r), and that the (regular) solutions for P (θ) are given by certain of the associated
Legendre functions P`m (cos θ). (The spherical Bessel functions are described below.
The Associated Legendre equation and the Bessel equation, and their solutions, are
discussed in chapters 4 and 5 of my PHYS 603 lectures, on my webpage.)
~ vanish at r = a),
(4c) Impose the boundary condition at r = a (parallel components of E
together with regularity at r = 0. Obtain the transcendental equations involving a,
ω and j` that will restrict the allowed values of ω to a discrete, infinite set ω` ,n , with
` = 1, 2, 3, . . . and n = 1, 2, 3, . . .. To see how this works, consider as an example
the lowest mode ` = 1, and obtain the corresponding transcendental equation that
determines the allowed values for ω1 ,n . Draw graphs to show how the discrete infinity
of these ω1 ,n eigenvalues occurs. (The procedure is quite similar to the way one can
find the energy levels of a quantum-mechanical particle in a square-well potential.)
(4d) Find an approximate numerical value for the lowest eigenfrequency, ω1 ,1 , among the
` = 1 TM modes. (Don’t just state an answer! Show briefly how you did it; graphically,
Newton-Raphson, or ... .)
pπ
J 1 (x) (regular at x = 0) and
The first few spherical Bessel functions j` (x) = 2x
`+ 2
pπ
n` = 2x Y 1 (x) (singular at x = 0) are:
`+ 2

3
 sin x 3 cos x
sin x
sin x cos x
, j1 (x) = 2 −
, j2 (x) =
−
1
−
,
x
x
x
x2
x
x2

cos x
cos x sin x
3  cos x 3 sin x
n0 (x) = −
, n1 (x) = − 2 −
, n2 (x) = 1 − 2
−
.
x
x
x
x
x
x2
j0 (x) =
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603: Electromagnetic Theory I
Comments on Problem Sheets 8 and 9
Problem Sheet 8
~ vector
1) This problem is quite straightforward, as long as you just plug the given E
~ ·E
~ = 0 source-free equation is immediate, and
into the Maxwell equations. Checking the r

~ ⇥E
~ equation you can solve for @ B/@t
~
~
so then by plugging in to the r
and hence for B.
~
(All non-wavelike “functions of integration” can be dropped when integrating up to get B,
since we are not interested in superposing static magnetic fields in this problem.) Finally,
~ into the r·
~ B
~ = 0 equation and the r⇥
~ B
~ equation should confirm
plugging the result for B
that the Maxwell equations are all satisfied.

~ from E
~ simply by using the B
~ = ~n ⇥ E
~ formula that we
Note that you cannot get B

saw in the lecture notes for a plane wave propagating along the direction of the unit vector

~n. This is because this wave solution is not simply of that form, as should have emerged
when you do part (1c).
2) Mostly concerned with verifying the useful results for the calculating the time average
of quantities quadratic in the electric and magnetic fields.
3) I originally tried this problem out for a general elliptically-polarised wave, where the
~ = (a, bei , 0) ei!(z t) , but it became quite a long and
electric field can be taken to be E
algebraic slog. It’s more manageable when a = b, and still gives some useful insights into
the nature of elliptically-polarised waves.
4) Not all electromagnetic waves are plane waves, and this question explores such an
example. As one might suspect from the use of spherical polar coordinates, this example is
a spherical wave, emanating from a point source at r = 0. From the given expressions for
~ and B,
~ and then verify the
the scalar and vector potentials, one just has to calculate first E
~ and B
~ will satisfy the
remaining Maxwell equations are satisfied. By construction the E
~ and B
~ are written in terms of potentials), so that just leaves the
Bianchi identities (since E
~ ·E
~ and the r
~ ⇥B
~ = @ E/@t
~
r
(source-free) field equations. The only potential pitfall is that
one has to do the calculation using the vector calculus for spherical-polar vector components.
For example, we can’t just say that A' needs to satisfy r2 A'

@ 2 A' /@t2 = 0; it doesn’t.

But as long as you use the proper spherical-polar vector calculus formulae, it should all
come out OK.

Problem Sheet 9
1) TE modes in a rectangular waveguide. The wavefunctions are just appropriate modifications of the form of the TM wavefunctions, to take account of the change in the boundary
condition at the surface of the waveguide. The form of the eigenvalues ⌦2mn will be strikingly
similar to those seen already for the TM modes. But be alert to the di↵erences! Functions
like sin(m⇡x/a) vanish when m = 0, but change to a cosine and it doesn’t vanish!
The job of a waveguide is to convey the wave down the pipe, perhaps from a dish
antenna, to the other end where it goes into an amplifier. Or vice versa, conveying a
powerful signal from a transmitting source like a magnetron or klystron, and delivering it
to the transmitting antenna. One wants the signal emerging at the far end of the waveguide
to be a faithful copy of what went in at the start. To achieve this, the signal should be
able to excite only one mode of transmission down the waveguide. Otherwise, as we saw,
the same signal could propagate down the waveguide in two, or more, di↵erent modes, and
each one travels with a di↵erent velocity. This would give a nasty mess at the far end.
Therefore, the best thing is to exploit the fact that a signal of angular frequency ! can only
propagate in a particlar mode with Helmholtz eigenvalue ⌦2 if ! 2 > ⌦2 . Therefore, if the
ordering of the eigenvalues is ⌦21 < ⌦22 < ⌦23 < · · · , we want to design the waveguide so that

the frequency ! we want to send down it just slots in nicely in the gap between ⌦21 and ⌦22 :
⌦21 < ! 2 < ⌦22 < ⌦23 < · · · .

(1)

Then, the signal can only propagate in the lowest mode, which has eigenvalue ⌦21 .
Note that we don’t have precise control over which modes are going to be excited in
the waveguide, and in particular we cannot ensure that only TM modes, or only TE modes,
will be excited. So one wants to ensure that ! 2 will lie between the absolute lowest ⌦2 of
all the eigenvalues, TE and TM, and the absolute next-to-lowest of all the eigenvalues.
2) The new feature here is that we take a square cross-section waveguide and then bisect
it across a diagonal, to make an isosceles right triangular waveguide. The trick is that one
can use appropriate combinations of wavefunctions for the square waveguide, to make the
wavefunctions for the triangular waveguide. This was shown in the lecture notes for the
case of TM modes. Here, you do a similar thing for the TE modes.
In (2b) you are asked to compare the results for the eigenvalues and their degeneracies,
for the four cases of square TM, square TE, triangular TM and triangular TE. Don’t fall
into the error of thinking all the answers are the same in the four cases! You need to
pay attention to which eigenfunctions are non-zero, for the di↵erent m and n values. And
remember that the degeneracy of a particular eigenvalue means how many linearly indepen-

dent eigenfunctions have the same eigenvalue. So, for example, if

is an eigenfunction then

doesn’t count as being an independent one!
You might have thought that the trick used in this example to construct the eigenfunctions for the isosceles right triangle could be extended to the triangle formed as the
bisection of any rectangle, with sides a and b. You can indeed make linear combinations of
the rectangular wavefunctions that satisfy the desired boundary condition on the diagonal.
But they won’t be eigenfunctions. (The sum of two eigenfunctions with di↵erent eigenvalues
is not an eigenfunction.) This is why the trick works only for the bisection of the square.
3) It turns out there is another triangular waveguide that can be solved analytically, and
that is when the triangle is equilateral. One can find some quite nice detailed discussion of
this example in the literature. An elegant way of understanding it is to note that the whole
(x, y) plane can be tiled with equilateral triangles, and so it can be argued that the solutions
obeying the required TM or TE boundary conditions on the faces of one such triangle must
be expressible as linear combinations of solutions in the plane. The upshot of some detailed
calculation then leads to the result given in Qu. (3a), for the case of the TM modes. TE
modes can be done in a similar way, and they involve some appropriate replacements of sine
functions by cosines, etc. One of the things that these arguments allow one to establish is
that not merely are the functions given in Qu. (3a) examples of TM eigenfunctions for the
equilateral triangle, but they in fact provide the totality of all the TM eigenfunctions.
As with some of the “subtleties” for TM and TE modes in the rectangular and isosceles
right triangular waveguides discussed previously, one again needs to be a little bit careful
when enumerating the possible modes that can arise. For example, although one may find
the formula for the eigenvalues of the eigenfunctions built using W = sin are the same
as those built using W = cos, this does not mean that the sets of allowed values of the
integers m and n are necessarily the same in the two cases! Remember that, as always,
an eigenfunction is an eigenfunction only if it is non-zero. But don’t assume that the
situation when W = sin is the same as it is when W = cos! Remember also when counting
degeneracies that if the W = cos and the W = sin eigenfunctions both arise for a particular
eigenvalue ⌦2 , then that means there is a degeneracy, since the two eigenfunctions will be
linearly independent.
4) The problem of finding the resonant frequencies in a spherical cavity is quite a nice
one. Note that this is not like the other cavities we met in the lecture notes, which were
made by taking a finite length of uniform cross-section waveguide and capping it o↵ with
perpendicular end-plates. In the spherical case, we have to treat it as a three-dimensional
problem from the outset. Clearly, we should use spherical polar coordinates for solving the

problem. But that means we need to be a little bit careful. It may be recalled that when,
in the lecture notes, the Maxwell equations for electromagnetic waves were being studied,
it was shown that by working in Lorenz gauge @µ Aµ = 0, the scalar and 3-vector potential
satisfied

~
@2
@2A
2~
=
0
,
r
A
= 0,
(2)
@t2
@t2
provided one is working in Cartesian coordinates. Things are more complicated when using
r2

a curvilinear coordinate system, such as spherical polars. A key point is that the Cartesian
vector identity
~ ⇥ (r
~ ⇥V
~ ) = r(
~ r
~ ·V
~)
r

~
r2 V

(3)

holds only for Cartesian vectors, but not for vectors in general curvilinear coordinate systems. Everything can be worked out from the basic expressions for grad, div and curl in
spherical polar coordinates (most of the formulae were given in homework 8), but it does
take a bit more work. Just make sure you don’t jump to conclusions based on how the
calculations go for Cartesian vectors.
The analysis for general TM modes, i.e. modes with Br = 0, is a little involved. But
~
is we specialise down to the case of azimuthally-symmetric fields, meaning that neither B
~ depends on the azimuthal angle ', then it is relatively simple. Firstly, one can show
nor E
by plugging into the Maxwell equations that if Br = 0 (TM modes) and @/@' is zero on
everything (azimuthal symmetry), then it is consistent to set B✓ = 0. Thus we may look
for solutions where
Br = 0 ,

B✓ = 0 ,

B' = (r, ✓) e

( is just the name being used here; it is not the “same”

i!t

.

(4)

as the one in the earlier waveguide

discussions.)
~ ⇥B
~ = @ E/@t
~
Next, we can plug (4) into the r
source-free Maxwell equation, allowing
~ after integrating with respect to t. As usual when solving for electromagnetic
us to find E
waves, we don’t retain any “functions of integration” that would correspond to superposed
electrostatic fields when doing the t integration.
~ in terms of
Then, having found the (spherical polar) components of E

, we can plug

everything into the remaining Maxwell equations. This will give rise to a second-order
partial di↵erential equation for

(r, ✓), which can be separated in a standard fashion by

looking for factorised solutions of the form

(r, ✓) = R(r)P (✓). If no mistakes have been

made, it will turn out that the di↵erential equation for P (✓) will be of the form of the
associated Legendre equation, which, expressed in terms of the variable x = cos ✓, takes the
form
(1

x2 )y 00

2xy 0 +

h

m2 i
y = 0.
1 x2

(5)

The solutions are described, for example, in my PHYS 603 lecture notes. The regular
solutions P`m (x), the associated Legendre functions, arise when

= `(` + 1), where ` is a

non-negative integer, and m is an integer with |m|  `. (In case you had been expecting
the simple Legendre polynomials (corresponding to m = 0) to arise in this problem, recall

that here we are really solving a problem in vector harmonics on the sphere, not scalar
harmonics.)
The angular equation for R(r) turns out to be related to the usual Bessel equation in a
way indicated in the rubric of question (4).
Finally, one finds the eigenvalues, and hence the resonant frequencies, of the spherical
cavity, by imposing the appropriate boundary condition at r = a, namely that the tangential
~ vanish there. In question (4c) you are asked to consider the resulting
components of E
transcendental equation in detail for the simplest case of the ` = 1 modes. The equation
that has to be solved here is reminiscent of the transcendental equation one encounters
when solving for the energy levels in a square-well potential in quantum mechanics. One
can see what is going on by plotting the two sides of the transcendental equation on a graph,
and then looking for the intersection points where the plot of the left-hand side crosses the
graph of the right-hand side.
For example, if one wants to solve the transcendental equation tan x = f (x), where f (x)
is some algebraic function, then plot tan x and plot f (x) on the same graph, and see where
the intersections arise.
Having understood the structure of the roots of the transcendental equation it is easy
enough to estimate a root, for example the first root, graphically, and then get successively
better approximations by using the Newton-Raphson method.

611: Electromagnetic Theory
Problem Sheet 9
(1a) Making use of the result that
r2
show by directly acting with
potential formula

1
~r 0 |

|~r

(~r, t) =

4⇡
@2
@t2

= r2

3

(~r

~r 0 ) ,

(1)

on the right-hand side of the retarded

Z

⇢(~r 0 , t |~r ~r 0 |) 3 0
d ~r
|~r ~r 0 |
4⇡ ⇢(~r, t).

(~r, t) =
that (~r, t) obeys

=

(2)

[Present all the steps in the calculation.]
(1b) Similarly, show that the advanced potential, given by
Z
⇢(~r 0 , t + |~r ~r 0 |) 3 0
(~
r
,
t)
=
d ~r ,
adv
|~r ~r 0 |
also obeys

r, t)
adv (~

=

(3)

4⇡ ⇢(~r, t).

(2a) Calculate the magnetic field that follows from the Liénard-Wiechert potentials for an
accelerating point charge (they are given in eqn (7.32) in the online lecture notes).
~ can be written as B
~ =R
~ ⇥ E/R,
~
~ was obtained in eqn (7.56) in
(2b) Show that B
where E
the online lecture notes.
(You may use without proof any results such as (7.49), (7.52), (7.53) that are given
in the lecture notes.)
(3a) Starting from the expression in eqn (2) above for the retarded potential, consider the
source ⇢(~r, t) =
(x) (y) (t), where is a constant. (This is an infinite line source
along the z axis, which occurs instaneously at t = 0.) Show that the retarded potential
for this source is given by
p
2 ✓(t R)
(x, y, z, t) = p
,
where R = x2 + y 2 ,
(4)
t2 R 2
and where ✓ is the standard Heaviside theta function, i.e. ✓(x) is 1 if x is positive and
zero if x is negative.

(3b) Now instead plug the charge density ⇢(~r, t) = e 3 (~r ) (t), describing an instantaneous
point charge source, into eqn (2), showing that this gives
e (t r)
.
(5)
r
The significance of the two results in eqns (4) and (5) is discussed on the next page.
(~r, t) =

Turn over for discussion about Qu. (3), and for Qu. 4
1

The calculation in (3a) is actually giving the result for the potential in (2 + 1) dimensions (x, y, t), due to a point charge turned on instananeously at t = 0. (An infinite
line charge in (3 + 1) dimensions is equivalent to a point charge in (2 + 1).) Eqn (4)
shows that the e↵ect of this instantaneous spike of charge at t = 0 persists for all
finite times into the future (with the potential decaying like 2 /t at large t), once the
p
information about it has reached the observation point (x, y) (at time t = x2 + y 2 ).
By contrast, in (3 + 1) dimensions the instantaneous spike of charge at t = 0 produces
just an instantaneous spike in the potential at the observation point (x, y, z) at time
p
t = x2 + y 2 + z 2 , dropping back to zero again at all later times, as seen in the result
in eqn (5).
If one considered an assemblage of such delta-function contributions to the charge
density, describing a localised time-dependent blob of charges, the observed potential
in the (3 + 1)-dimensional case would depend only on what the blob was doing a
light-travel time ago. By contrast, in (2 + 1) dimensions the observed potential would
depend on the entire pre-history of the blob that has had time to come into causal
contact with the observer.
(4a) A non-relativistically moving particle of charge e, mass m and kinetic energy E makes
a head-on collision, starting from infinity, with a fixed central force of finite range.
The interaction, which is repulsive, is described by a potential V (r), which becomes
greater than E at short distances. Show that the total energy radiated by the particle
is
r Z 1
4e2
m
dV 2
dr
p
W =
,
(6)
2
3m
2 rmin dr
V (rmin ) V (r)
where rmin is the closest that the particle gets to r = 0 in its path.

(4b) If the interaction is a Coulomb potential due to a central charge Q, i.e. V (r) = eQ/r,
calculate the total energy radiated, in terms of e, Q, m and the velocity v0 of the
particle at infinity.

Due Wednesday November 11th. Please scan your solutions and concatenate
into a SINGLE pdf file. E-mail to haoyuzhang001@gmail.com
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611: Electromagnetic Theory
Problem Sheet 11
(1a) A point charge e moves non-relativistically in the circle ~r0 (t) = (b cos ωt, b sin ωt, 0),
where b and ω are constants and b is very small compared to the distance to the
observation point ~r. Calculate the time-averaged power radiated per unit solid angle.
(1b) Calculate the total power radiated by this system.
(2a) A particle of charge e moves in relativistic simple harmonic motion, with position
vector given by ~r = (0, 0, b cos ωt), where b and ω are constants and where b is very
small in comparison to the distance to the observation point. Obtain the instantaneous
(t0 )
, where ~n = (sin θ cos ϕ, sin θ sin ϕ, cos θ).
power per unit solid angle, i.e. dPdΩ
(2b) Show that the time-averaged power per unit solid angle is
D dP (t0 ) E e2 b2 ω 4 (4 + b2 ω 2 cos2 θ) sin2 θ
=
.
dΩ
32π
(1 − b2 ω 2 cos2 θ)7/2
R1
(You may use −1 (1 − x2 )1/2 (1 + αx)−5 dx = π8 (4 + α2 )(1 − α2 )−7/2 if you wish.)

In the next two problems, the form of the retarded potential and the Liénard-Wiechert
potential in 6 spacetime dimensions will be found. This is the lowest even-dimensional
spacetime beyond 4, and the propagation is again on the light-cone. The results serve
to emphasise how special some of the features of the Liénard-Wiechert potentials are
in 4 dimensions.
As already seen in homework 10, in the example of 3 spacetime dimensions (and in
fact in any odd spacetime dimension), the Liénard-Wiechert (LW) potentials for a
point charge depend on the entire cauasally-connected past history of the particle’s
motion, unlike what happens in 4 dimensions (and in fact any even dimension), where
the LW potentials depend only on what the particle was doing a light-travel time ago.
The new feature that is illustrated by the calculation of the LW potentials in 6 dimensions is that although they indeed depend only on what the particle was doing a
light-travel time ago, the LW potentials depend not only on the position and velocity of the charge at the retarded time, but also on the acceleration of the charge at
that time. This means that the when one calculates the electromagnetic fields Fµν
themselves, they will depend not only on the position, velocity and acceleration of
the charge, but also on the rate of change of acceleration. In fact in yet higher even
spacetime dimensions, the electromagnetic fields depend on yet higher derivatives of
the acceleration.
Turn over for Qu. 3 and 4
1

(3a) The result for the retarded potential in 6 spacetime dimensions is
Z h
ρ(~r 0 , t − |~r − ~r 0 |) ∂t ρ(~r 0 , t − |~r − ~r 0 |) i 5 0
φ(~r, t) =
+
d ~r ,
|~r − ~r 0 |3
|~r − ~r 0 |2
∂
where ∂t ≡ ∂t
. Verify this by showing that this expression for φ(~r, t) satisfies
2
−8π ρ(~r, t). You may use the fact that in 5-dimensional Euclidean space

∇2

(1)
φ(~r, t) =

1
= −8π 2 δ 5 (~r − ~r 0 ) .
|~r − ~r 0 |3

(2)

(Calculations in 6 = 5 + 1 dimensions proceed almost identically to those in 4 = 3 + 1
dimensions, except that what were formerly spatial 3-vectors are now spatial 5-vectors.
= ∇2 −∂t2
The latin index range is 1 to 5 instead of 1 to 3. One still has ∂i r = xri , etc.
and ∇2 = ∂i ∂i , with i summed over 1 to 5.)
Hint: It is helpful to organise the calculation carefully, first establishing lemmas for
repeatedly-needed results such as ∂i |~r −~r 0 | = · · · , ∂i ρ(~r 0 , t−|~r −~r 0 |) = · · · , and so on.
One must, of course, be very careful to distinguish primed and unprimed coordinates!
The calculation is in essence like the one in Homework 10, Qu. (1a).
(3b) Show that the retarded potential (1) can be written as
Z Z
h δ(t00 − t + |~r − ~r 0 |) δ 0 (t00 − t + |~r − ~r 0 |) i
φ(~r, t) =
ρ(~r 0 , t00 )
−
dt00 d5~r 0 .
|~r − ~r 0 |3
|~r − ~r 0 |2

(3)

Note that the prime on the delta function in the second term means the derivative of
the delta function with respect to its argument.
(4a) Prove the lemma that for an arbitrary function h(x),
Z

d h h(x) i
1
,
h(x) δ 0 f (x) dx = − 0
f (x0 ) dx f 0 (x) x=x0

(4)

where f (x) has a zero at x = x0 . (For simplicity, we assume f 0 (x0 ) is positive, since
that is what is needed in this problem.) Note that the prime on δ means the derivative
d
with respect to the argument of the delta function (i.e. not dx
!).

(4b) Consider a moving point charge in 5 + 1 dimensions, so ρ(~r, t) = e δ 5 ~r − ~r0 (t) . By
substituting this into eqn (3) and making use of the result in eqn (4), together with

R
h(x)δ f (x) dx = h(x0 )/f 0 (x0 ) as in the lecture notes (for f 0 (x0 ) > 0), show that
the Liénard-Wiechert potential for the point charge is given by
φ(~r, t) =

~
e ~a · R
e (1 − v 2 )
+
,
~ 3 (R − ~v · R)
~ 3
(R − ~v · R)

(5)

where ~v = d~r0 (t0 )/dt0 and ~a = d~v (t0 )/dt0 . All quantities have the same meanings as
they did in 3 + 1 dimensions, except now with the extended number of spatial directions. Again, a careful and systematic organisation of the calculation is invaluable!
Due Wednesday November 18th. Please scan your solutions and concatenate
into a SINGLE pdf file. E-mail to haoyuzhang001@gmail.com
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603: Electromagnetic Theory I
Comments on Problem Sheets 10 and 11
Problem Sheet 10
1a) Checking that the formulae for the retarded potentials do indeed work, in the sense
~ r, t) = −4π J(~
~ r, t), is
~ r, t) do satisfy φ(~r, t) = −4π ρ(~r, t) and A(~
that φ(~r, t) and A(~
straightforward, provided one is careful when doing the calculations. Especially, one needs
to be careful to distinguish between the primed and the unprimed variables when performing
the differentiations. Proper handling of the differentiation of a function of a function is also
~ since that
essential, when applying the ~r derivatives to the “time” argument of ρ
~ or J,
argument is t − |~r − ~r 0 |.
Just one further remark, since it is a not infrequent slip-up: Remember that Leibnitz rule
for multiple derivatives acting on a product of functions is not simply (f g)00 = f 00 g + f g 00 ,
or in three dimensions ∇2 (f g) = (∇2 f ) g + f ∇2 g! There are the cross-terms too, and
~ )·
the correct expressions are (f g)00 = f 00 g + 2f 0 g 0 + f g 00 , and ∇2 (f g) = (∇2 f ) g + 2(∇f
~ + f ∇2 g. These are easily seen, of course, if one just applies the multiple derivatives
(∇g)
successively, employing the usual Leibnitz rule as each new derivative is applied.
1b) Checking that the advanced potentials also satisfy φ(~r, t) = −4π ρ(~r, t) and
~ r, t) = −4π J(~
~ r, t) is just a minor variation on the calculation for the retarded poA(~
tentials. We normally reject the advanced potentials as being acausal and unphysical, since
~ r, t) that are governed by what the charge and
they provide expressions for φ(~r, t) and A(~
current distributions are going to be doing in the future.
2) Just some routine calculations to confirm the expression stated in the online lecture
notes for the magnetic field following from the Liénard-Wiechert potentials.
3) By calculating the retarded potential due to an infinite line source of instantaneous
charge, described by the charge density ρ(~r, t) = λ δ(x) δ(y) δ(t), one is effectively “integrating out” the third spatial direction (the z direction) and thereby obtaining the potential
due to an instantaneous point charge source in 3 = 2 + 1 dimensions. The result,
2λ θ(t − R)
,
φ(x, y, t) = √
t2 − R 2

where

R=

p
x2 + y 2 ,

(1)

is then compared in Qu. (3b) with the analogous result in 4 = 3 + 1 dimensions, where the
instantaneous charge density ρ)~r, t) = e δ(x) δ(y) δ(z) δ(t) gives rise to the potential
φ(x, y, z, t) =

e δ(t − r)
,
r

where

r=

p
x2 + y 2 + z 2 .

(2)

In 4 = 3 + 1 dimensions, we see from the potential in (2) that an instantaneous pulse
(delta function) of charge at the origin at t = 0 gives rise to a potential in the form of a
spherical “shell” of a pulse (again, a delta function) in the potential, with the shell spreading
outwards from the origin at the speed of light.
In 3 = 2+1 dimensions, the behaviour of the potential, in eqn (1), is totally different. In
this case the pulse of charge at the origin at t = 0 gives rise to a potential that spreads out
spherically, again at the speed of light, but instead of being just a pulse in the potential, now
the potential jumps up to a large value as the shock arrives (at the light travel time t = R),
but it remains non-zero after the arrival of the shock, falling off in time as (t2 − R2 )−1/2 as
t increases after t = R.
This dramatically different behaviour in 3 dimensions and 4 dimensions in fact repeats
in higher dimensions too. As will be seen in homework 11, the behaviour in 6 = 5 + 1
dimensions is rather similar to the 4 = 3 + 1 dimensional case, with the instantaneous pulse
of potential on the shock front that expands out from the origin at the speed of light. One
can in fact perform a very similar calculation to the one in the current Qu. (3a) we are
considering, starting instead from the retarded potential in 6 = 5 + 1 dimensions that is
obtained in homework 11, and then integrating out one of the spatial dimensions to obtain
the result in 5 = 4 + 1 dimensions. Again, like in 3 = 2 + 1 dimensions, one finds that
after the initial arrival of the spherical shock travelling at the speed of light, the potential
remains non-zero for all later finite times, gradually decaying towards zero.
4) In this problem, one calculates the total energy radiated by a charged particle that
makes a head-on approach to a repulsive potential. The motion is assumed to be nonrelativistic, and so one can use the non-relativistic Larmor formula for the power radiated
by the particle, integrating up along its path starting at infinity, heading in to the radius
of closest approach, and then back out to infinity.
Althought it was not stated explicitly in the question, the understanding in a problem
like this is that the energy loss due to Larmor radiation is tiny in comparison to the total
energy (kinetic plus potential) of the particle, and so one does not need to try to take
account of any energy losses when calculating the Newtonian motion of the particle in the
repulsive potential. It would probably be reasonably straightforward in this example to
take account of the energy lost through radiation, by adiabatically subtracting this from
the total Newtonian energy of the particle as the motion proceeds.
In general, one might think it would be possible to come up with a formula describing
the radiation-rection force that an accelarting charged particle would experience. Sicking
with a non-relativistic approximation, the Larmor formula P =

2 2 2
3e a

for the radiated

power implies that we could rewrite Newton’s law as
m v̇ = F~ext + F~rad ,

(3)

where F~ext is the external applied force and F~rad is the radiation-reaction force. By looking
at the work done by this force in a time intervalt1 ≤ t ≤ t2 we should have
Z t2
Z t2
Z t2
2 2
~
Frad · ~v dt = −
P dt = − 3 e
~v˙ · ~v dt .

(4)

Integrating by parts, and assuming we can drop the boundary terms, then gives
Z t2 

F~rad − 12 e2~v¨ · ~v dt = 0 ,

(5)

t1

t1

t1

t1

leading to the identification
F~rad = 21 e2 ~v¨ .

(6)

Thus the Newtonian equation of motion is modified to become
m (~v˙ − τ ~v¨ ) = F~ext ,

(7)

where τ is a quantity with the units of time, given by
τ=

2e2
.
3m

(8)

Equation (7) is known as the Abraham-Lorentz equation.
It looks like a nice formula, but it has some disturbing consequences. Suppose we apply
no external force at all, so F~ext = 0. The standard Newtonian result ~v = constant is still
indeed a solution. But there is also another solution, namely
~v˙ = ~a et/τ ,

(9)

where ~a is a constant (the acceleration at t = 0). In this solution the charged particle, with
no external forces applied, accelerates at an exponentially-increasing rate. This is clearly
nonsensical.
It is very hard to avoid these kinds of crazy runaway solutions if one tries to incorporate
the effects of radiation reaction. The problem is arising because the radiation term, which
is supposed to provide a “small correction” to the Newtonian equation, is becoming the
dominant one. This sort of problem always arises if a “small correction” term is of higher
order in time derivatives than the terms it is supposed to be correcting.
Jackson gives quite an extensive discussion of the Abraham-Lorentz force in his book.
Somehow, it doesn’t seem to be a very productive avenue for investigation.

Problem Sheet 11
1) A classic example of a calculation of the power radiated by an oscillating charge.
In this case, the charge is moving around a circular path, and it is assumed the motion is
non-relativistic. Really just amounts to plugging into the formulae, using the fact that the
unit vector ~n is given (in Cartesian components) by ~n = (sin θ cos ϕ, sin θ sin ϕ, cos θ), with
θ and ϕ being the usual angles of spherical polar coordinates.
2) Another classic example, this time for the full relativistic results for a particle oscillating along the z axis. Calculating the time average of dP (t0 )/dΩ involves a slightly tricky
integral, but using the provided hint (which points one in the right directon with what
change of integration variable to make), things should come out.
3) Now for some fun in higher dimensions. As has been mentioned already, there are big
differences between the way the retarded potentials work in even-dimensional spacetimes
(like our real-world 4-dimensional example), and in odd-dimensional spacetimes. So after 4
dimensions, the next case that works in a similar way is going to be 6 dimensions. That is
to say, 5 spatial dimensions together with the time dimension.
In Qu. (3a), the answer for the retarded potential φ(~r, t) in 6 = 5 + 1 dimensions that
solve the wave equation

φ(~r, t) = −8π 2 ρ(~r, t) is given, and you are then asked to prove

that the given answer is indeed correct. The only additional piece of information that is
provided is that in 5-dimensional Euclidean space one has
∇2

1
= −8π 2 δ 5 (~r − ~r 0 ) ,
|~r − ~r 0 |

(10)

where now ∇2 = ∂i ∂i and the spatial index i runs over 5 values. The calculation proceeds
in a very analogous manner to the way one checks the 4-dimensional result. That case was
checked in Qu. (1a) of homework 10, so if you could do that one, and had the mathematics fully under control, then doing this 6-dimensional case presents no conceptually new
features. The algebra gets a little more involved, but no new points of principle arise.
Let’s look at where a couple of the quoted results in the question are coming from. First
of all, what about eqn (10)? We may as well discuss all possible dimensions for this one.
Suppose we have an n-dimensional Euclidean space. What does the potential due to a point
charge at the origin look like? We know it must depend only on r, where r2 = xi xi and
the summation is over 1 ≤ i ≤ n. Calculating ∇2 φ(r) we have

∂ x
xi xi
xi xi 
xi 
i i
∇2 φ(r) = ∂i ∂i φ(r) = ∂i φ0 (r)
= φ00 (r) 2 + φ0 (r)
− 3 ,
r
r
r
r

(11)

where as usual we have used the chain rule for differentiation so ∂i φ(r) = φ0 (r) ∂i r, we
have used that ∂i r = xi /r (which follows from hitting r2 = xj xj with a ∂i ), and we use

the notation that φ0 (r) means dφ(r)/dr. So far, absolutely nothing looks different from the
familiar n = 3 case. The only change is that now ∂i xi = n rather than ∂i xi = 3, and so we
have
∇2 φ(r) = φ00 (r) +

0
1
n−1 0
φ (r) = n−1 rn−1 φ0 (r) .
r
r

(12)

A point charge at the origin has a potential that satisfies ∇2 φ(r) = 0 (for r > 0), and
so from (12) we will have
φ(r) =

e
rn−2

,

(13)

where e is a constant. We can understand what ∇2 φ(r) is equal to when we include r = 0
by following exactly the same steps we did in 3 dimensions. Namely, we use the divergence
theorem (it works in the same way in all dimensions). Thus we integrate ∇2 φ(r) over an
n-ball Bn of radius R centred on the origin:
Z
Z
 e 
 e 
~
~n−1 ,
∇
· dS
∇2 n−2 dn~r =
r
rn−2
Sn−1

(14)

~n−1 is the
where Sn−1 is the (n − 1)-dimensional surface of the n-ball, at radius R, and dS
outward-pointing area element on Sn−1 . Thus we have
~n−1 = m
dS
~ Rn−1 dΩn−1 ,

(15)

where dΩn−1 is the area element of a unit-radius (n − 1) sphere, and m
~ = ~r/r is the unit
outward normal vector (we use m
~ rather than the more usual ~n because we are using n to
denote the number of spatial dimensions). Going back to (14) we have
Z
Z
Z
 e 
(n − 2)e xi i
mi
n
2
d ~r = −
dSn−1 = −e(n − 2)
mi Rn−1 dΩn−1
∇
n−2
n
n−1
r
r
Sn−1
Sn−1 r
(16)
evaluated on the spherical surface at r = R. Thus we have
Z
Z
 e 
2
n
∇
d ~r = −e(n − 2) dΩn−1 = −e(n − 2) Ωn−1 ,
rn−2

(17)

where Ωn−1 is the volume of the unit (n − 1) sphere. (In the sense that the unit 2-sphere
embedded in 3 Euclidean dimensions has volume 4π.)
Finally, since we know, by construction, that ∇2 (e/rn−2 ) is zero for r 6= 0, it must be
that for (17) to be true there must be an n-dimensional delta function at the origin. Thus
we have the result
 e 
= −e(n − 2) Ωn−1 δ n (~r ) .
(18)
rn−2
Shifting the location of the charge to an arbitrary point ~r 0 , and factoring out the e, we
∇2

therefore have the n-dimensional result
∇2

1
= −(n − 2) Ωn−1 δ n (~r − ~r 0 ) .
|~r − ~r 0 |n−2

(19)

There is a nice little trick for calculating the volume of a unit (n − 1)-sphere. Namely,
2

we consider the n-dimensional volume integral, over all space, of the function e−r . We
know that the Cartesian volume element dn~r converts, in hyperspherical polar coordinates,
to give
dn~r = rn−1 dr dΩn−1 .

(20)

Thus on the one hand we have
Z
Z
−r2 n
I =
e
d ~r = e−xi xi dx1 dx2 · · · dxn ,
 Z
Z ∞
Z ∞
−x22
−x21
e
dx2 · · ·
e
dx1
=


√
2
e−xn dxn = ( π)n .

(21)

−∞

−∞

−∞

∞

On the other hand, doing the calculation in hyperspherical polars we have
Z ∞
Z
n
n−1 −r2
r
e
dr
I=
dΩn−1 = 12 Γ
Ωn−1 .
2
0

(22)

Putting (21) and (22) together, we get
Ωn−1 =

2π n/2
.
Γ(n/2)

(23)

Thus for the first few cases we have
Ω1 = 2π ,

Ω2 = 4π ,

Ω3 = 2π 2 ,

Ω4 =

8π 2
,
3

··· .

(24)

As a consistency check, the well-known examples Ω1 = 2π and Ω2 = 4π are coming out
right!
Note that you can check every step of the arguments presented above for the familiar
case of n = 3, and it is then very easy to see how the steps are generalising to n dimensions.
And if you set n = 3 in (19) you easily recover the standard 3-dimensional result that
∇2

1
= −4π δ 3 (~r − ~r 0 ) .
|~r − ~r 0 |

(25)

Taking instead n = 5, we get the result (10) which is what was provided in the set-up for
Qu. (3a).
The other thing to explain is where did the expression
Z h
ρ(~r 0 , t − |~r − ~r 0 |) ∂t ρ(~r 0 , t − |~r − ~r 0 |) i 5 0
φ(~r, t) =
+
d ~r ,
|~r − ~r 0 |3
|~r − ~r 0 |2

(26)

for the retarded potential in 6 dimensions come from? An equivalent question, and one that
slightly simplifies the discussion, is to see directly how to deduce that the expression
Z Z
h δ(t00 − t + |~r − ~r 0 |) δ 0 (t00 − t + |~r − ~r 0 |) i
φ(~r, t) =
ρ(~r 0 , t00 )
−
dt00 d5~r 0 .
(27)
|~r − ~r 0 |3
|~r − ~r 0 |2

in Qu. (3b) is the retarded potential in 6 dimensions. Written in this form, we can recognise
the cofactor of ρ(~r 0 , t00 ) in the integrand as being the retarded Green function G(~r, t; ~r 0 , t00 ).
Normally, we would call the arguments of the Green function G(~r, t; ~r 0 , t0 ), but we avoided
using t0 in our discussions for pedagogical reasons, because t0 has been reserved for the very
particular purpose of denoting the retarded time coordinate in our discussions. Let’s restore
a bit of symmetry to the labelling scheme by switching to ~r 00 rather than ~r 0 . Thus we have
Z Z
φ(~r, t) =
G(~r, t; ~r 00 , t00 ) ρ(~r 00 , t00 ) d~r 00 dt00 ,
(28)
as befits a Green function. We read off from (27) that it is given by
G(~r, t; ~r 00 , t00 ) =

δ(t00 − t + |~r − ~r 00 |) δ 0 (t00 − t + |~r − ~r 00 |)
−
.
|~r − ~r 00 |3
|~r − ~r 00 |2

(29)

Now, δ(x) is a symmetric function, i.e δ(x) = δ(−x), and so δ 0 (x) is antisymmetric, i.e.
δ 0 (x) = −δ 0 (−x). So we can write (29) equally well as
G(~r, t; ~r 00 , t00 ) =

δ(t − t00 − |~r − ~r 00 |) δ 0 (t − t00 − |~r − ~r 00 |)
+
.
|~r − ~r 00 |3
|~r − ~r 00 |2

(30)

Notice that the arguments ~r and ~r 00 occur always in combination (~r − ~r 00 ), and similarly t
and t00 occur always in the combination (t − t00 ). This is not surprising; it is a consequence of
the time-translation invariance and the space-translation invariance of Minkowski spacetime
(in any dimension). This means that if we know the Green function when ~r 00 = 0 and t00 = 0
then we can easily find it when these quantities are non-zero, just by shifting the arguments.
Thus we may just define
G(~r, t) =

δ(t − |~r |) δ 0 (t − |~r |)
+
,
|~r |3
|~r |2

(31)

and then the previous Green function in eqn (30) is simply given by
G(~r, t; ~r 00 , t00 ) = G(~r − ~r 00 , t − t00 ) .

(32)

In fact things are really simple because G(~r, t) in eqn (31) actually only depends on r = |~r |
and t, so we can write it just as
G(r, t) =

δ(t − r) δ 0 (t − r)
+
.
r3
r2

(33)

We may as well just call this the retarded Green function, since we can reconstruct the
full expression for G(~r, t; ~r 00 , t00 ) by using (32). So our task now is to understand where the
expression (33) for the retarded Green function in 6 dimensions actually comes from.
First, let’s step back a bit and ask about the retarded Green function in 4 spacetime
dimensions. The discussion is analogous, but a bit simpler, and we can take the retarded
potential given in eqn (7.36) as the starting point:
Z Z
ρ(~r 0 , t00 )
φ(~r, t) =
δ(t00 − t + |~r − ~r 0 |) dt00 d3~r 0 .
|~r − ~r 0 |

(34)

By the analogous sequence of steps to those described above, we can whittle this down to
the statement that in 4 dimensions the retarded Green function is
G(r, t) =

δ(t − r)
.
r

(35)

Notice, by the way, that the potential found in question (3b) of homework 10, and reproduced in eqn (2) of this document, is in fact nothing but the retarded Green function (35),
if we set the charge e = 1. By the same token, the 3 = 2 + 1 dimensional expression for
the potential obtained in question (3a) of homework 10, and reproduced in eqn (1) of this
document, is in fact the retarded Green function in 3 spacetime dimensions, if we set the
charge λ = 1.
It is good at this point to put a label on the Green function to remind us what dimension
we are in. Thus we now have that in 4 dimensions and 6 dimensions the retarded Green
functions are
G(4) (r, t) =

δ(t − r)
,
r

G(6) (r, t) =

δ(t − r) δ 0 (t − r)
+
.
r3
r2

(36)

As can be seen from (28) the Green function G(d) (~r, t; ~r 00 , t00 ) in d spacetime dimensions
should have the property
G(d) (~r, t; ~r 00 , t00 ) = −a δ d−1 (~r − ~r 00 )δ(t − t00 ) ,

(37)

where a is a constant that will be established in general later on, thus implying that φ(~r, t)
obeys the proper equation
φ(~r, t) = −a ρ(~r, t) .

(38)

In other words, the “reduced” Green function G(d) (r, t) should obey
G(d) (r, t) = −a δ d−1 (~r )δ(t) .

(39)

We can directly check that the Green functions G(d) (r, t) in d = 4 and d = 6, given in
(36), do indeed satisfy (39). To keep the algebra as simple as possible, we can first note
that eqn (39) says that away from the origin, G(d) (r, t) should simply obey
G(d) (r, t) = 0 ,

r 6= 0 ,

t 6= 0 .

(40)

The delta function at the origin arises in the same way as it does when looking at ∇2
acting on the static potential 1/rd−2 as we discussed earlier. Namely, one sees by integrating ∇2 (1/rd−2 ) over a spherical ball centred on the origin, and then using the divergence
theorem, that we must have the result
∇2

1
rd−3

= −(d − 3) Ωd−2 δ d−1 (~r ) ,

(41)

as in (19). (In (19) n = d − 1, i.e. the number of spatial dimensions.)
Now, when we consider the calculation of

G(d) (r, t), all of differentiations will just give

the “naive” results that arise in the calculations valid for r > 0, with one exception. The one
exception is when the ∇2 in

= ∇2 −∂t2 lands on the leading 1/rd−3 term in the expression

for G(d) (r, t). In the cases of d = 4 and d = 6 in (36), we can see that these are the terms
G(4) (r, t) = δ(t − r)/r (in fact the only term, in this case), and G(6) (r, t) = δ(t − r)/r3 + · · · .
Thus, the rule we can follow in both cases, and in fact in all the higher even-dimensional
cases as we shall see later, is that when checking to see that G(d) (r, t) obeys the proper
equation (39) we just have to do the “naive” calculation of

G(d) (r, t) valid for r > 0 and

then add in the extra delta-function contribution from when ∇2 lands on the 1/rd−3 term.
Let’s try for d = 4. By this rule we have
δ(t − r)
r

h δ(t − r) i
1
δ(t − r) +
,
r
r
r>0
 δ(t − r) i
 δ(t − r) 
1 h
= −4π δ 3 (~r )δ(t − r) + 2 ∂r r2 ∂r
− ∂t2
,
r
r
r
=



∇2

(42)

where it is now understood that aside from the delta function term we can assume r > 0.
Differentiating out the terms we get
δ(t − r)
r

1
1
1
1
∂r δ(t − r) + 2 ∂r (t − r) + ∂r2 δ(t − r) − ∂t2 δ(t − r) ,
2
r
r
r
r
= −4π δ 3 (~r )δ(t − r) .
(43)
= −4π δ 3 (~r )δ(t − r) −

Finally, we note that δ 3 (~r )δ(t − r) is the same as δ 3 (~r )δ(t), since the δ 3 (~r ) factor is zero
unless r = 0. Thus we confirm that we indeed have
δ(t − r)
= −4π δ 3 (~r )δ(t)
r

(44)

in the 4-dimensional case.
In a similar fashion, it is straightforward to check that all the r > 0 terms that arise
from acting with

on G(6) (r, t) in 6 dimensions give zero, and so we are left with
1
δ(t − r) ,
r3
= −8π 2 δ 5 (~r ) δ(t − r) ,

G(6) (r, t) =



∇2

(45)

and hence we get
G(6) (r, t) = −8π 2 δ 5 (~r ) δ(t) .

(46)

It is actually not that hard to extend the construction of the retarded Green functions
to cover all even-dimenional spacetimes. To do this, we first establish a lemma involving the
second-order differential operator in the radial direction that arises in the higher-dimensional

Laplacians ∇2 . We saw in (12) that when acting on a function only of r, the spatial
Laplacian ∇2 in d-dimensional spacetime (with d = n + 1 where n is the spatial dimension)
is given by
∇2 = ∂r2 +

d−2
∂r .
r

(47)

Now define the differential operators
Lm ≡ ∂r2 +

m−2
∂r ,
r

1
D ≡ − ∂r .
r

(48)

A straightforward calculation shows that
Lm D = D Lm−2 .

(49)

(Just calculate Lm D f (r), and show that it is equal to D Lm−2 f (r).) Then, if we define
G(d) (r, t) = D

d−4
2

 δ(t − r) 
r

,

(50)

we can use (49) repeatedly, to show that for r > 0
∇2 G(d) (r, t) = Ld D
= D

d−6 δ(t − r)
d−8 δ(t − r)
δ(t − r)
= D Ld−2 D 2
= D2 Ld−4 D 2
= ··· ,
r
r
r
δ(t − r)
L4
.
(51)
r

d−4
2

d−4
2

Therefore we see that for r > 0
G(d) (r, t) = D

d−4
2



L4 − ∂t2

 δ(t − r)
r

,

(52)

and since (L4 − ∂t2 ) is precisely the operator that arose when calculating the r > 0 contributions in the d = 4 calculation in (42), we already know that this gives zero.1 Thus we
have established that in d-dimensional spacetime, G(d) (r, t) as defined in (50) satisfies
G(d) (r, t) = 0 ,

for

r > 0.

(53)

It remains only to calculate the delta-function contribution at r = 0. As discussed previously, this will come from ∇2 acting on the term in G(d) (r, t) with the leading number of
inverse powers of r. This happens when the r derivatives in D

d−4
2

all land on the 1/r in

δ(t − r)/r. With a little work one can see that this term will take the form
G(d) (r, t) =

(d − 5)!!
δ(t − r) + · · · ,
rd−3

(54)

P
Of course if one is discussing 4-dimensional spacetime r actually means ( 3i=1 xi xi )1/2 , whereas in dPd−1
dimensional spacetime r means ( i=1 xi xi )1/2 . But this makes no difference at all as far as the present
1

calculations are concerned, since r is just a variable in the differential equation. Once the calculation has
been reduced, as we have done here, to calculating things like (∂r2 + (m − 2)/r ∂r )f (r), it makes no difference
whether r is the radial coordinate in 3-space or (d − 1)-space.

where (d − 5)!! = (d − 5)(d − 7)(d − 9) · · · 1 and the remaining terms in (54) represented by
the dots comprise terms of the form δ 0 (t − r)/rd−2 , δ 00 (t − r)/rd−1 , and so on. Thus we
conclude that in d-dimensional spacetime

(d − 5)!! 
G(d) (r, t) = ∇2
δ(t − r) .
rd−3

(55)

Using the previous result (18) we finally arrive at the d-dimensional result that
G(d) (r, t) = −(d − 3)!! Ωd−2 δ d−1 (~r )δ(t) ,

(56)

where Ωd−2 , the volume of the unit (d − 2)-sphere, is given by (23).
As a check, it is easy to verify that the Green functions in d = 4 and d = 6 that follow
from the general formula (50) are indeed precisely those given in eqn (36). The next two,
in d = 8 and d = 10 dimensional spacetime, turn out to be
G(8) =
G(10) =

3δ(t − r) 3δ 0 (t − r) δ 00 (t − r)
+
+
,
r5
r4
r3
15δ(t − r) 15δ 0 (t − r) 6δ 00 (t − r) δ 000 (t − r)
+
+
+
.
r7
r6
r5
r4

(57)

It is worth adding here that just as eqn (50) gives the retarded Green function in
any higher even-dimensional spacetime in terms of (d − 4)/2 powers of the differential
operator D acting on the expression for the retarded potential in 4 spacetime dimensions, a
similar construction can be given for the retarded Green functions in any odd-dimensional
spacetimes. We saw already that the retarded Green function in 3 = 2 + 1 dimensional
spacetime is given by setting λ = 1 in (1):
2θ(t − r)
.
G(3) (r, t) = √
t2 − r2

(58)

Using similar methods to the ones we used above in even dimensions, one can check that
the retarded Green function in any d-dimensional spacetime where d is odd can be written
as
G(d) (r, t) = D

d−3
2

 2θ(t − r) 
√
.
t2 − r2

(59)

(The same comment applies here as was made previously in the context of the even√
dimensional construction, namely that r here means xi xi where the summation extends
over whatever is the number of spatial directions in the dimension under discussion.)
4a) This is a matter of establishing the given identity, for the integral

R

h(x) δ 0 (f (x)) dx,

where h(x) is arbitrary and f (x) is a function with a single zero, at x = x0 . For simplicity
the problem specifies that f 0 (x0 ) >, since this avoids having to include an absolute value in
the answer. (The reason for the absolute value was explained, in the context of a slightly

simpler integral, in the lecture notes.) The key point in this problem is that one has to give
a proper handling of an integration involving the derivative of a delta function of a function
of the integration variable x.
Proving the result just requires a slight elaboration of the calculation described in the
R
lecture notes for evaluating h(x) δ(f (x)) dx. In that case, the procedure boiled down to
the following: Introduce z = f (x) as a new integration variable. Then we have dz = f 0 (x) dx
and hence dx = dz/f 0 (x). Therefore the integral gives
Z
Z
h(x) δ(z)
h(x) δ(f (x)) dx =
dz .
f 0 (x)

(60)

It should be emphasised that on the right-hand side x is now understood to be expressed
in terms of z. (Since z = f (x), this means that x is equal to the inverse of the function
f , acting on z.) It doesn’t matter that we don’t have an explicit way to write this inverse
function, because when we now use the delta function δ(z) to evaluate the integral on the
right-hand-side in (60) it just means we get the cofactor of δ(z) in the integrand, evaluated
at z = 0. And we do know that z = 0 corresponds to x = x0 . Hence the answer in this case
is
Z

h(x0 )
.
f 0 (x0 )
(Again, we are making the assumption here, for simplicity, that f 0 (x0 ) > 0.)
h(x) δ(f (x)) dx =

(61)

The result (61), together with the identity you are asked to prove in (4a), are needed
for question (4b).
4b) Here, the formula for the retarded potential in 6 dimensions that was derived in
question (3b) is employed in order to calculate the Liénard-Wiechert potential for a point
charge described by the charge density ρ(~r, t) = e δ 5 (~r − ~r 0 ). The procedure is exactly
parallel to the one described in the lecture notes in 4 dimensions for getting from eqn (7.36)
to eqn (7.42). The key point is concerned with handling the integrations involving the delta
function. Now, in 6 dimensions, it is a little more involved because there is a term also
involving the derivative of the delta function, and this is why the additional lemma derived
in question (4a) is needed. Other than that, it is just a matter of keeping a clear head when
carrying out the calculational steps.
The direct consequence of the existence of the term involving the derivative of the delta
function in the 6-dimensional retarded potential is that now the resulting Liénard-Wiechert
potential depends on the acceleration of the charge, in addition to depending on its position
and its velocity. Clearly, therefore, when the electromagnetic fields are calculated from the
potentials there will be yet another derivative taken, and this means the electromagnetic
fields will depend on the time derivative of the acceleration, as well as on the position,
velocity and acceleration of the charged particle.

It is also evident from the expression (50) for the retarded Green function in arbitrary
(even) d-dimensional spacetime that as one goes to yet higher dimensions d = 8, 10, etc.,
there will be terms involving even more derivatives of the velocity (see (36) for the Green
functions in d = 8 and d = 10 dimensions). Thus in d = 8 the potentials will depend also
¨), and so on.
on ~a˙ , meaning that the electromagnetic fields will depend on (~v , ~a, ~a˙ , ~a

611: Electromagnetic Theory
Problem Sheet 12
(1a) A particle of mass m and charge e moves in a plane perpendicular to a uniform static
~ Calculate the total energy radiated per unit time, expressing it in
magnetic field B.
terms of the constants already defined, and γ = (1 − v 2 )−1/2 .
(1b) If at time t = 0 the particle has total energy E0 = mγ0 , show that it will have energy
E = mγ < E0 at time t, where
t≈

1
3m3  1
,
−
2e4 B 2 γ γ0

provided that γ >> 1.

(2) Show explicitly all the steps necessary to derive the formula in eqn (7.189) in online
lecture notes, giving the time-averaged power per unit solid angle in the n’th Fourier
mode, for the case of a charged moving in strictly periodic motion with angular frequency ω0 . Especialy, pay attention to why the boundary term in the integration by
parts that leads to the expression in (7.189) gives zero.

(3a) Consider a particle with charge e executing linear simple harmonic motion, with position given by z = α cos ω0 t. Show, using eqn (7.193) in the online lecture notes, that
the average power radiated per unit solid angle in the n’th Fourier mode is given by
dPn
n2 e2 ω02
=
tan2 θ [Jn (n α ω0 cos θ)]2 ,
dΩ
2π
where θ is the angle between ~n and the z axis, and Jn is the n’th Bessel function.
Note: An integral representation for the Bessel function Jn (x), and some other useful
properties, are given on page 2 after Qu. 4.
(3b) Show that in the non-relativistic limit of the system in Question 3a, the total power
radiated is all in the fundamental mode (i.e. n = 1), and is given by
P ≈

2 2 4 2
e ω0 α ,
3

where α2 is the mean-square amplitude of the motion. (The small-x behaviour of the
Bessel function Jn (x) is given on page 2.)

Turn over for Qu. 4
1

(4) A particle of charge e moves in the circular path ~r0 = (b cos ω0 t, b sin ω0 t, 0). Show
that the exact relativistic expression for the radiated power per unit solid angle in the
mode with ω = n ω0 is
2 
2 cot2 θ 
e2 ω04 b2 n2  0
dPn
J
(n
β
sin
θ)
=
Jn (n β sin θ) +
,
n
dΩ
2π
β2

(1)

where β = ω0 b and Jn0 (x) denotes the derivative of the the n’th Bessel function Jn (x)
with respect to its argument.

Some Properties of the Bessel Functions Jn (x):
For integer n the Bessel function Jn (x) has the integral represententation
1
Jn (x) =
2π (−i)n

Z

2π

dψ ei(nψ−x cos ψ) .

(2)

0

The Bessel functions satisfy the relations J−n (x) = (−1)n Jn (x) and
Jn−1 (x) + Jn+1 (x) =

2n
Jn (x) ,
x

Jn−1 (x) − Jn+1 (x) = 2Jn0 (x) .

(3)

At small x, the Bessel function Jn (x) has the Taylor expansion
Jn (x) =

1
2n n!

xn + O(xn+2 ) .

(4)

Due Wednesday December 2nd. Please scan your solutions and concatenate
into a SINGLE pdf file. E-mail to haoyuzhang001@gmail.com
2

611: Electromagnetic Theory
Midterm Test: 4th November 9:30am - 12:00 noon
(1a) An elliptically-polarised plane wave of angular frequency ω propagates along the z
axis, and has electric field components
Ex = a cos ω(z − t) ,

Ey = b sin ω(z − t) ,

Ez = 0 ,

(1)

where a and b are constants. Calculate Bx , By and Bz , and verify all the remaining
~ is purely wave-like.)
Maxwell equations are satisfied. (Assume that B
(1b) A particle of charge e and mass m is now placed in the z = 0 plane. Solve the Lorentz
force equations to determine the path that the particle follows. Assume the particle
moves non-relativistically, and that the z-dependence of the wave can be neglected
when solving the equations of motion. (As was done in the lectures for a particle in a
linearly-polarised electromagnetic wave.) You can drop all constants of integration.
(1c) Determine the shape of the particle’s path projected onto the (x, y) plane.
(2a) Consider a Maxwell field strength tensor Fµν obeying the source-free field equation
∂µ F µν = and the Bianchi identity ∂µ ∗F µν = 0. Define
0
Fµν
= Fµν cos θ + ∗F µν sin θ .

(2)

0 also satisfies the source-free
(i) Derive an expression for ∗F 0µν . (ii) Show that Fµν
Maxwell field equation and the Bianchi identity, where θ is any constant angle.

(2b) Show that the energy-momentum tensor is invariant under this duality transformation,
0 = T . (It is probably easiest to prove this using the expression T
i.e. that Tµν
µν
µν =
1
ρ
∗
∗
ρ
8π (Fµρ Fν + F µρ F ν ) for the energy-momentum tensor.)
~ = e ~r/r3 of a point electric charge at the origin is a magnetic
(2c) The dual of the field E
~ = p ~r/r3 (with p a constant). Writing B
~ in terms of its spherical polar
field B
components, show that it can be derived from a magnetic vector potential with just
a ϕ component Aϕ (r, θ), and obtain the explicit form for Aϕ (r, θ). (Curl in spherical
polars is given on the next page.)
(3a) A waveguide has a circular cross-section, with radius a. As shown in the lecture
notes, the wavefunctions ψ which represent Ez in the case of TM modes or Bz in
the case of TE modes are of the form ψ(r, θ) = c Jm (Ω r) eimθ . Write down the first
five eigenvalues Ω2 , starting with the lowest, indicating which modes they each
correspond to. You can use the obvious notations TMmn and TEmn to denote the
modes. (The list of the five lowest eigenvalues will include some TE and some TM
0 (x) are listed on page 2.
modes.) The first few zeros αmn of Jm (x) and βmn of Jm
Turn over for Qu. (3b) and for useful formulae, etc.

(3b) Consider now a waveguide formed by the hollow gap between two concentric cylinders
of radii a and b, with a < b. As well as TE and TM modes, there can now also exist
~ are
a TEM mode. Find such a mode for which the cylindrical polar components of E
Er = f (r) ei(kz−ωt) ,

Eθ = 0 ,

Ez = 0 ,

(3)

~ and solving for f (r).
by plugging into the source-free Maxwell equations, obtaining B
(See below for Div and Curl in cylindrical polars.) How are ω and k related?

0 (x):
Zeros αmn of Jm (x) and βmn of Jm

n=

1

2

3

4

n=

1

2

3

4

α0n =

2.405

5.520

8.654

11.79

β0n =

3.832

7.016

10.17

13.32

α1n =

3.832

7.016

10.17

13.32

β1n =

1.841

5.331

8.536

11.71

α2n =

5.136

8.417

11.62

14.80

β2n =

3.054

6.706

9.969

13.17

α3n =

6.380

9.761

13.02

16.22

β3n =

4.201

8.015

14.586

17.789

The values for the αmn and βmn increase monotonically, both horizontally and vertically, if the tables are extended beyond the m and n ranges listed here. Note that
β0n = α1n (this is because J00 (x) = −J1 (x)).
Spherical polar coordinates x = r sin θ cos ϕ,
Divergence :
Curl :

y = r sin θ sin ϕ, z = r cos θ:

2
~ ·V
~ = 1 ∂(r Vr ) + 1 ∂(Vθ sin θ) + 1 ∂Vϕ ,
∇
r2
∂r
r sin θ
∂θ
r sin θ ∂ϕ
 ∂(V sin θ) ∂V 
1
ϕ
θ
~ ×V
~ )r =
(∇
−
,
r sin θ
∂θ
∂ϕ
 1 ∂V
∂(r Vϕ ) 
r
~ ×V
~ )θ = 1
−
,
(∇
r sin θ ∂ϕ
∂r


~ ×V
~ )ϕ = 1 ∂(r Vθ ) − ∂Vr .
(∇
r
∂r
∂θ

Cylindrical Polar Coordinates x = r cos θ,
Divergence :
Curl :

y = r sin θ,

z = z:

~ ·V
~ = 1 ∂(r Vr ) + 1 ∂Vθ + ∂Vz ,
∇
r ∂r
r ∂θ
∂z
1
∂V
∂V
z
θ
~ ×V
~ )r =
(∇
−
,
r ∂θ
∂z
~ ×V
~ )θ = ∂Vr − ∂Vz ,
(∇
∂z
∂r
 ∂(r V ) ∂V 
1
r
θ
~ ×V
~ )z =
−
.
(∇
r
∂r
∂θ

At the end of the test, please scan your solutions and concatenate into a SINGLE
pdf file. E-mail to pope@physics.tamu.edu

603: Electromagnetic Theory I
Comments on Midterm test
1) A fairly routine problem; construct the elliptically-polarised plane wave solution and
then, having checked that all Maxwell equations are satisfied, calculate the motion of a
charged particle sitting in the field of the electromagnetic wave. Two approximations are
made when finding the motion of the charged particle. Firstly, it is assumed that the
~ terms in the Lorentz
motion of the particle is non-relativistic, which means that e ~v ⇥ B

~ terms present at the same time. Note,
force equation may be neglected if there are also e E
~ terms are the only terms appearing in the Lorentz force in a
though, that if the e ~v ⇥ B
particular dirrection, then these terms need to be retained. It is all very closely analogous
to the calculation for a linearly polarised wave, which was discussed in the lecture notes.
The other approximation is to neglect the z dependence of the electromagnetic wave
when calculating the motion of the particle. Essentially, this is saying that the range of
motion of the particle along the z direction will be small in comparison to the wavelength
of the wave. Clearly this can always be achieved, provided that the amplitude of the wave
is sufficiently small. So when calculating the moton of the particle, one can just set z = 0
in the expressions for the electric and magnetic fields.
Having solved the problem under the two approximations described above, one can
always go back and check under what circumstances the solution is indeed consistent with
the approximations that were made. This was discussed in the lecture notes in the case of
a charged particle in the field of a linearly polarised electromagnetic wave. Things would
be very similar here.
2) This question explores various aspects of the electric/magnetic duality symmetry.
This is the U (1) symmetry under which the electric and magnetic fields are rotated into
one another, through an angle ✓. The starting point in (2a) was the duality rotation of Fµ⌫
0 , given by
into Fµ⌫
0
Fµ⌫
= Fµ⌫ cos ✓ + ⇤F µ⌫ sin ✓ ,

where ⇤ as usual means the Hodge dual: ⇤F µ⌫ =

1
2 ✏µ⌫⇢

(1)

F ⇢ . The first task was then to

derive the expression for ⇤F 0µ⌫ . This is really just a one-line calculation, if you keep in mind
results previously established in homeworks. The important thing is to produce a nice clean
expression giving what ⇤F 0µ⌫ is in terms of a certain constant times ⇤F µ⌫ plus another ceratin
constant times Fµ⌫ .
Given this, it is then straightforward to verify that if Fµ⌫ satisfies the source-free Maxwell
0 .
equation and Bianchi identity, then so does Fµ⌫

In (2b), one then verifies that the energy-momentum tensor for the electromagnetic field
is invariant under the U (1) duality transformation. Provided that a nice clean expression for
⇤F 0
µ⌫

has been obtained in (2a), then this comes out rather quickly if one uses the expression

Tµ⌫ =

1
⇢
8⇡ (Fµ⇢ F⌫

+ ⇤F µ⇢ ⇤F ⌫ ⇢ ) for the energy-momentum tensor.

This property of the duality symmetry invariance of the energy-momentum tensor is
actually rather important in high-energy theoretical physics and string theory. The theories one is dealing with there are rather more complicated, but a more basic example
would be Maxwell electrodynamics in the curved spacetime background of general relativity. The Einstein equations that determine the dynamics of the gravitational field are
rather analogous to the Maxwell equations for electrodynamics, and just as the Maxwell
equations have the source current density J µ , so the ”source current” in general relativity
is the energy-momentum tensor Tµ⌫ of the other fields. Since the energy-momentum tensor
of the electromagnetic field is duality invariant, this means that the coupled system of electrodynamics and general relativity is duality invariant. Likewise, in the more complicated
extensions that are encountered in string theory. These kinds of duality symmetries lie at
the heart of understanding some of the most important aspects of string theory.
Question (2c) addresses another aspect of electric/magnetic duality. The magnetic dual
~ =
of a point electric charge is a point magnetic charge, for which the magnetic field is B
~ B
~ = 0 Bianchi identity, and so one
p~r/r3 . Away from the origin this obviously satisfies the r·
~ in terms of a vector potential A,
~ with B
~ =r
~ ⇥ A.
~ In this problem, the vector
can write B

potential is constructed by working in spherical polar coordinates. The result is known
as the Dirac monopole potential, and it gives rise to some quite intriguing phenomena,
especially if one considers the quantum mechanics of an electrically charged particle in the
presence of the Dirac monopole. If time permits, this will be explored later in the course.
3) Question (3a) is concerned with the modes that can propagate in a waveguide of
circular cross section and radius a. The solutions were constructed in the lecture notes,
with TM modes where Ez =
with

(r, ✓) ei(kz

!t)

and TE modes where Bz =

(r, ✓) ei(kz

!t) ,

(r, ✓) taking the form
(r, ✓) = c Jm (⌦ r) eim✓ ,

m

0,

(2)

in each case. For TM modes, ⌦ a must equal one of the zeros ↵mn of the Jm Bessel function,
so that
of

0 (x),
Jm

will vanish at r = a. For TE modes, ⌦ a must instead equal one of the zeros

mn

so that @ /@r will vanish at r = a. Plots of the first few Bessel functions, J0 (x),

J1 (x), J2 (x) and J3 (x), as well as the lists of the first few ↵mn and

mn

that were given

in the midterm, are displayed in the online notes, and one can see the patterns of how the
relevant zeros are working out.

The main point of the exercise in (3a) was to see how the list of eigenvalues ⌦2 , starting
from the lowest and working upwards, involves an interlacing of some coming from TE
modes and some coming from TM modes. Remember that when designing a waveguide for
practical use, one wants to ensure that the frequency or range of frequencies one wants to
send down the waveguide should lie in the interval between the absolute lowest of all the
eigenvalues, and the absolute next-to-lowest. This then means there will be no competing
propagation for the signal in two or more modes, which, if it happened, would mean that
the signal would arrive twice or more, with di↵erent arrival times. One cannot have full
control over whether the signal will excite only TM modes or only TE modes, so that is why
one should include both the TM and the TE modes when enumerating the list of increasing
eigenvalues.
I have never seen it stated as a theorem, but in all the examples of solvable waveguides
it seems that the absolute lowest eigenvalue is always associated with a TE mode. This
seems intuitively reasonable, since the @ /@n = 0 TE boundary condition on the lowest
eigenfunction is roughly like a condition to fit in a
rather than the

1
2

wavelength required for a

1
4

wavelength in the transverse direction,

= 0 TM boundary condition. Thus the

wavefunction would have less curvature in the TE case, implying a smaller eigenvalue.
Maybe some less handwaving argument along these lines could be constructed?
Question (3b) looks at the situation when one considers electromagnetic waves propagating in the gap between concentric conducting cylinders of radii a and b. TE and TM
modes exist for this geometry too, and it would take only a small modification of the previous discussion to construct these. Essentially, one will now include the Ym Bessel functions
as well as the Jm Bessel functions, since although the Ym (x) are singular at x = 0 and were
therefore excluded in the construction of modes in the previous cylindrical waveguide, they
are perfectly regular for all x > 0. Thus we would consider wavefumctions of the form
h
i
(r, ✓) = c1 Jm (⌦ r) + c2 Ym (⌦ r) eim✓ .

(3)

There would now be TM or TE boundary conditions to be imposed at r = a and r = b,
which would determine again the allowed eigenvalues ⌦2 .
In this case, though, a TEM mode also arises. It may be recalled that these cannot arise
in a normal waveguide, because of the nature of the boundary conditions. It was remarked in
the lecture notes that things would be di↵erent if the boundary of the two-dimensional cross
section of the waveguide had two or more disconnected components; eassentially, because
the di↵erent components in the boundary can have di↵erent potentials.
Question (3b) is concerned with constructing a TEM mode in the case of the coaxial
cylinders. The (necessarily transverse, so Ez = 0) electric field must have vanishing E✓ at

r = a and r = b, and the question asks you to consider an electric field
Er = f (r) ei(kz

!t)

,

E✓ = 0 ,

Ez = 0 ,

(4)

and then solve for the wave solution by plugging into the source-free Maxwell equations.
~ ·E
~ = 0 equation immediately determine f (r), and then the r
~ ⇥E
~ equation gives
The r
~
~ itself. The r
~ ·B
~ = 0 equation gives nothing, and the r
~ ⇥B
~ equation
@ B/@t
and hence B
ends up just giving the relation between k and !.

One ends up concluding that the TEM wave propagates at the speed of light, and there
is no minimum cuto↵ frequency. Thus in practice, one would design the parameters of a
coaxial waveguide so that none of the TE or TM modes would be excited by the signal one
wants to transmit down it. The propagation would then be entirely in the TEM mode.

611: Electromagnetic Theory
Final Exam: 3th December 2:00 - 4:30pm
(1a) A point magnetic dipole moment m
~ is moving with constant velocity ~v in the Lorentz
frame S, and passes through the origin at time t = 0. In a Lorentz frame S 0 where
the dipole is stationary at the origin, the potentials are therefore
~ × ~r 0
~0 = m
A
.
r0 3
Transform back to the frame S (see eqn (3) on the next page for the Lorentz boost
from frame S to S 0 ) and show that, working to first order in the velocity ~v , the
potentials are given by
~
~
p~ · R
~ ×R
~=m
~ = ~r − ~v t .
φ=
,
A
,
where p~ ≡ ~v × m
~ and R
R3
R3
φ0 = 0 ,

~ = −∇φ
~ −
(1b) From these show that the electric field E

∂ ~
∂t A

is given by

~ × [3(~n · ~v ) ~n − ~v ]
~ =E
~ dipole − m
~ dipole = 3(~n · p~ ) ~n − p~ ,
E
,
where E
3
R
R3
~
~ =∇
~ ×A
~ also, again using ~n where appropriate.
and where ~n ≡ R/R.
Calculate B
Hint: Establish lemmas for ∂i Rj , ∂i R, ∂t R and ∂t Rj at the outset. Introduce ~n only
after having evaluated derivatives! (Since ∂i nj 6= 0 and ∂t nj =
6 0.)
(2a) For all t < 0 a particle of charge e travels along the z axis with constant velocity v0 . At
time t = 0 the particle reaches z = 0, and it then undergoes a constant decceleration
until it comes to rest at time t = T . It remains at rest on the z axis thereafter. Show
that the total energy radiated per unit solid angle is given by
e2 v02 (2 − v0 cos θ)(2 − 2v0 cos θ + v02 cos2 θ) sin2 θ
dE
=
.
dΩ
16πT (1 − v0 cos θ)4
(Note that the instantaneous power radiated per unit solid angle is given by
dP (t0 )
e2 ~n × [(~n − ~v ) × ~a ]
=
dΩ
4π
(1 − ~n · ~v )5

2

,

with all quantities as defined in the lecture notes, and evaluated at the retarded time
t0 . You can assume that the distance travelled by the particle while it is deccelerating
is negligible in comparison to the distance to the observation point ~r, and so you can
take ~n = ~r/r, with θ being the angle between ~n and the z axis.)
(2b) Suppose the initial velocity v0 is highly relativistic, so that γ0 ≡ (1 − v02 )−1/2 >> 1.
The radiated energy dE/dΩ is clearly dominated by small angles θ, for which one
can approximate sin θ ≈ θ and cos θ ≈ 1 − 12 θ2 . Defining ξ ≡ (γ0 θ)2 , show that the
radiated energy per unit interval dξ can be approximately expressed as
dE
e2 γ04 ξ
≈
.
dξ
T (1 + ξ)4
Turn over for Qu. (3).

(3a) Consider plane-wave solutions in the Proca theory (the massive generalisation of
Maxwell theory), with Aµ taking the form
Aµ = ξµ sin(kz − ωt) ,
where k, ω the polarisation vector ξµ are constant. Derive the conditions on k, ω and
the components of ξµ that follow from eqns (1) below.
(3b) Consider 3 distinct cases, where the spatial components of ξµ are given by
(1)

ξ~ = (α, 0, 0);

or

(2)

ξ~ = (0, α, 0);

or

(3)

ξ~ = (0, 0, α) .

Find all the components of Aµ (i.e. including A0 ) in each case.
(3c) Calculate the time average of the energy flux in the z direction for each of the three
R 2π
ω
ω
T 03 dt, where the energycases in Qu. (3b). That is, calculate h T 03 i ≡ 2π
0
momentum tensor is given in eqn (2) below.
(3d) What happens to h T 03 i for each of the three modes, in the limit when the Proca
mass m goes to zero? Comment on why this is consistent with expectations for plane
waves in Maxwell theory.
Proca Theory: Massive Generalisation of Maxwell Theory:
Writing Fµν = ∂µ Aν − ∂ν Aµ , the Proca equation is
∂µ F µν − m2 Aν = 0 ,

which implies

∂ µ Aµ = 0 .

(1)

The energy-momentum tensor is

1 
Fµρ Fν ρ − 14 F ρσ Fρσ ηµν + m2 Aµ Aν − 12 m2 Aρ Aρ ηµν .
Fµν =
4π

(2)

General Lorentz Boost With Velocity ~v :
The spacetime coordinates t0 and ~r 0 in the frame S 0 are related to those in the frame
S by
t0 = γ (t − ~v · ~r ) ,

~r 0 = ~r +

γ−1
(~v · ~r ) ~v − γ ~v t ,
v2

where

γ=√

1
. (3)
1 − v2

~ ) transforms in the same way as (t, ~r ).
Any other 4-vector with components (W 0 , W

Reminder: A question asking you to “show that...” requires an explicit presentation
of the logical steps leading from the given starting point to the final conclusion.
At the end of the test, please scan your solutions and concatenate into a SINGLE
pdf file. E-mail to pope@physics.tamu.edu

611: Electromagnetic Theory II
Comments on Final Exam, and a Discussion of the Schouten Identity
1) Part (1a) was a fairly routine problem, finding the potentials due to a configuration
that is in uniform motion by first solving the problem in the rest frame S 0 of the configuration, and then boosting back to the frame where the configuration is moving with (constant)
velocity ~v . This procedure was implemented in the lecture notes for a point charge. In this
question, the analogous procedure is implemented for the case of a point magnetic dipole.
To keep things relatively simple, you are asked only to work out the potentials up to linear
in order in the velocity ~v . All the necessary formulae for the potentials in the rest frame of
magnetic dipole, and for the Lorentz boosts were supplied.
The process of droopping terms beyond the linear order in the velocity ~v is pretty
straightforward. For example, in many places the standard Lorentz transformation factor
γ = (1 − v 2 )−1/2 , which has the small-v expansion
γ = (1 − v 2 )−1/2 = 1 + 12 v 2 + O(v 4 ) ,

(1)

can straight away be approximated by 1. There is one place, though, where one really ought
to give a slightly more careful analysis, and that is in the expression for the Lorentz boost
of the 3-vector components of a 4-vector, such as the position vector:
~r 0 = ~r +

γ−1
(~v · ~r ) ~v − γ ~v t .
v2

(2)

That second term on the right-hand side merits at least a brief comment, because of the v 2
in the denominator. In fact all is well and that term can easily be seen, because the nature
of the expansion (1), to still be of quadratic order in v overall, and hence can be dropped
in the linear-~v approximation. But it would inspire more confidence that one has actually
thought about it if this point were commented upon, rather than just making a blanket
statement that we can set γ = 1 everywhere!
In part (1b) one is asked to calculate the electric field and the magnetic field resulting from the potential found in part (1a). In some cases points were lost for not having
~ presumably due to reading the question too quickly.
calculated B;
There was a final part to question (1) that I had originally been going to ask, which
was to show that the magnetic field found in part (1b) could be expressed in terms of the
electric field as
~ =E
~ × ~v .
B

(3)

When I was checking things the day before the final exam I tried doing this calculation and
I found that although it is indeed true, and one can verify it if one approaches it the right

way, it actually seems to require using a not very well known identity. At least, when I did
the calculation the way I found for proving it required the use of this identity. It is worth
making a little digression to describe it, I think:
Schouten Identity
As with most of 3-dimensional vector analysis, it is most convenient here to describe
this using index notation. The heart of the Schouten identity is the really rather trivial and
~ , one has
obvious observation that for any vector V
[ijk V`] = 0 .

(4)

where the square bracket notation means a total antisymmetrisation over the enclosed
indices. For example, on an n-index tensor it is defined by
i
1 h
Ti1 ···in + (all even permutations) − (all odd permutations) .
T[i1 ···in ] ≡
n!

(5)

The reason why (4) is true is completely obvious: each index can only take one of three
possible values (1, 2 or 3), and so if you antisymmetrise four indices (or more) then you
would inevitably get at least two of the indices taking the same value, and so it would be
zero because of the antisymmetry. Because ijk is already totally antisymmetric in its three
indices, the total of 24 terms that one would write out when applying the antisymmetrisation
definition (5) to (4) will actually amount to a sixfold repetition of just four terms. Thus
(4) can be expanded out to give
ijk V` − `jk Vi − i`k Vj − ij` Vk = 0 .

(6)

We can turn this into an expression written in terms of 3-vector notation if we take (6) and
multiply it by three arbitrary vectors Xi , Yj and Zk . Moving the last three terms in (6) to
the right-hand side, this gives us
ijk Xi Yj Zk V` = `jk Xi Yj Zk Vi + i`k Xi Yj Zk Vj + ij` Xi Yj Zk Vk = 0 .

(7)

In 3-vector language this reads
~ · (Y
~ ×Z
~ )] V
~ = (V
~ ·X
~ )Y
~ ×Z
~ + (V
~ ·Y
~ )Z
~ ×X
~ + (V
~ ·Z
~ )X
~ ×Y
~.
[X

(8)

It looks more mysterious in 3-vector language than it does in index notation, but it is
equivalent, as we have seen. One does occasionally encounter the identity (8) in tables of
vector identities, but I’ve never seen its rather trivial explanation in terms of the identity
(4) being given.
~ and B
~ found in question (1b) are related by
I think the calculation to show that the E
eqn (3) is the only time I have ever encountered the need to use the Schouten identity in

problems in elementary vector analysis. For this reason, I decided it might not be fair to
include it on the final exam. But anyone who wants to play around with the calculation
might care to try it.
I should emphasise that there is absolutely nothing deep or mysterious about the
Schouten identity. And if one simply did a mindless calculation of “writing out all the
components explicitly” to test the validity of eqn (3) one would find it worked. (Such
“component by component” calculations are of course pretty tedious, which is why 3-vector
notation, and index notation, were developed in the first place.)
2) A typical problem involving radiation from an accelerating charge. In this case, a
charge that is brought to rest from previous uniform motion, with the decceleration being
constant during the process. In part (2b), approximations are made in the case where the
initial velocity v0 is very close to the speed of light, meaning also that γ0 = (1 − v02 )−1/2 is
very large in comparison to 1.
Looking at the full expression for dE/dΩ in part (2a), it is clear that in the numerator
factors (2 − v0 cos θ) and (2 − 2v0 cos θ + v02 cos2 θ) we can simply replace v0 by 1 in this
limit, because each of these factors will be ≥ 1 for any value of θ.
The denominator in the expression for dE/dΩ in part (2a) is a different story, though.
If v0 goes to 1 then (1 − v0 cos θ) approaches (1 − cos θ), which is 2 sin2 12 θ. So in this
high-velocity limit the denominator goes like 1/ sin8 21 θ, while the sin2 θ in the numerator
gives a sin2 12 θ factor. Overall, this means the expression for dE/dΩ goes like 1/ sin6 12 θ
when v0 is very close to 1 and when θ is very small. Thus the expression for dE/dΩ from
part (2a) is dominated by the contributions when the angle θ is very small.
We can therefore see how dE/dΩ behaves in this v0 → 1 limit by assuming θ is very
small, and thus approximating sin θ ∼ θ and cos θ ∼ 1 − 21 θ2 . But in that denominator, we
must be more careful than this, because it only becomes small because of the simultaneous
occurrence of θ → 0 and v0 → 1. Thus we must expand the v0 in the denominator factor in
the same way as was done in eqn (1) above, in question 1, so

1 
1 
1 − θ2 + · · · ,
1 − v0 cos θ ≈ 1 − 1 + 2
2
2γ0
1
1 2
+ θ + ··· ,
≈
2γ02 2

(9)

and this then gives 1/(2γ02 ) (1 + ξ) where ξ = (γ0 θ)2 .
Other than this, the rest of the calculation to obtain dE/dξ in part (2b) is pretty
straightforward.
3) This question explores some features of plane wave solutions in Proca theory, which

is the massive generalisation of Maxwell’s theory. It is an interesting theory to study,
because it provides a concrete framework within which one can answer questions about
what electromagnetism would look like if, instead of being massless, the photon had a small
mass. The key difference, as is seen in this question, is that instead of the two polarisation
states that characterise plane waves in Maxwell theory, there are now three polarisation
states in the Proca theory.
Two of the three states are transverse, that is the electric field is perpendicular to the
direction of propagation. (These are the cases (1) and (2) in part (3b).) The third state
(case (3) in part (3b)) is longitudinal, meaning that the electric field is parallel to the
direction of propagation.
All three of these polarisation states propagate power along the z direction (the direction
in which the wave is propagating). As one sees in part (3d), if the Proca mass is sent to zero
then the power propagated by the longitudinal mode goes to zero. This is consistent with
the nature of the waves in the Maxwell theory, where the longitudinal mode never existed.
In fact one can check easily, and see that after sending m to zero, the solution for Aµ for
the longitudinal mode becomes pure gauge; that is, it can be written as Aµ = ∂µ λ for some
function λ. (Of course there is no gauge symmetry in the Proca theory. It only emerges in
the Maxwell limit m → 0.)
Technically, there was not too much difficulty with the calculations in question (3). One
point that was overlooked by some people was that while it is true that the Proca equation
∂µ F µν − m2 Aν = 0 implies that ∂µ Aµ = 0, the converse is certainly not true. Thus there
is real physical content in the Proca equation, over and above the content of the equation
∂µ Aµ = 0. In fact it is this additional content that provides the 2nd-order differential
equation that implies the existence of the wave-like solutions of the kind discussed in part
(3a). And indeed, it is this Proca equation itself which gives rise to the dispersion relation
between the angular frequency ω and the wave-vector k. In some cases, points were lost for
not obtaining this relation as a second condition in part (3a).

